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Classical density functional theory (DFT) is a powerful tool for studying solvation or problems where
resolution of interfacial domains or interfacial properties among phases (or thin films) is required. Many
interesting problems necessitate multi-dimensional modeling, which calls for robust and efficient
algorithmic implementations of the Helmholtz energy functionals. A possible approach for achieving
efficient numerical solutions is using the convolution theorem of the Fourier transform. This study is
meant to facilitate research and application of DFT methods, by providing a detailed guide on solving DFT
problems in multi-dimensional domains. Methods for efficiently solving the convolution integrals in

Keywords: . . . . . . . R
De};sity functional theory Fourier space are presented for Cartesian, cylindrical, and spherical coordinates. For cylindrical and
PC-SAFT spherical coordinate systems, rotational and spherical symmetry is exploited, respectively. To enable easy

implementation, our approach is based on fast Fourier, fast Hankel, fast sine and cosine transforms on
equidistant grids, all of which can be applied using off-the-shelf algorithms. Subtle details for imple-
menting algorithms in cylindrical and spherical coordinate systems are emphasized. The work covers
functionals based on weighted densities exemplarily. Functionals according to fundamental measure
theory (FMT) as well as a Helmholtz energy functional based on the perturbed-chain statistical associ-
ating fluid theory (PC-SAFT) equation of state are worked out in detail (and given as Supporting
Information).
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1. Introduction of fast Fourier transform (FFT) algorithms (compared to ¢(N2) for

numerical convolution) leads to a significant advantage regarding

Efficient numerical solution of convolution integrals is impor-
tant for solving classical density functional theory (DFT) or dynamic
density functional theory (DDFT) in multidimensional problems.
The solution of a DFT model, namely the densities of all species, is
obtained iteratively. The computational demand for the iterative
solution is the repetitive computation of numerous convolution
integrals. Naive numerical convolution through integration leads to
long computation times and complicated integration schemes,
especially for multidimensional DFT problems. One approach to
address this problem is the utilization of the convolution theorem
of the Fourier transform. The #(N log N) computational complexity
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computational performance. Additionally, working with integral
transforms like FFT simplifies multidimensional convolutions,
because each dimension can be treated separately which averts
multidimensional integration schemes.

Several authors applied integral transforms to convolution in-
tegrals appearing in DFT. Knepley et al. [1] used the FFT approach
for convolutions in a DFT for ionic solutions. A short introduction to
usage of FFT for Rosenfeld's fundamental measure theory [2] (FMT)
was also given. Frink et al. [3,4] proposed Fourier space convolution
on a multidimensional Cartesian grid in combination with
nonlinear iterative solvers and Sears and Frink [5] proposed using
FFT in combination with a matrix-free scheme and compared
computational efficiency for one-, two- and three-dimensional
systems. Hlushak et al. [6] employed the FFT on a two-
dimensional Cartesian grid to analyze flexible chain molecules at
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curved surfaces, whereas Hlushak et al. [7,8] studied attractive
particles in nanopores. While analyzing rotationally symmetric
systems, rotational symmetry was not exploited in the computa-
tion of the convolution integrals, leading to unnecessary compu-
tational overhead. Oettel et al. applied the Fourier convolution
approach within the framework of three-dimensional FMT and
compared results to those obtained by phase-field models [10] and
Monte Carlo simulations [9]. A similar analysis of crystal structures
and solid-liquid interfaces using three-dimensional FMT combined
with a Helmholtz energy contribution to account for attractive in-
teractions was conducted by Wang et al. [11]. Solvation effects in
water were studied by Levesque et al. [12]; solvation energies of
amino acid side chains by Liu et al. [ 13], both by three-dimensional
DFT. Zhou et al. [14] applied three-dimensional Cartesian DFT to
heterogeneous nucleation of Lennard-Jones fluids on solid walls.

For cylindrical systems, rotational symmetry can be exploited to
reduce dimensionality of the DFT problem. In one-dimensional
cylindrical coordinates, Gonzalez et al. [15] proposed using the
Hankel transform for computation of the convolution in Fourier
space. The fast Hankel transform was not employed, however.
Malijevsky [16] and Mariani et al. [17] took advantage of rotational
symmetry to formulate the convolution integrals of FMT for cy-
lindrical coordinates in real space. In Fourier space this was done by
Botan et al. [18] for the analysis of hard-sphere fluids in annular
wedges. In cylindrical coordinates the Fourier transform can not be
computed using FFT, but requires a, preferably fast, Hankel trans-
form algorithm for the radial direction. Botan et al. [18] reformu-
lated the DFT problem on a logarithmic grid to apply a fast Hankel
transform.

Spherical symmetry can be exploited to efficiently compute
spherical DFT systems in one dimension. This was applied by
Gonzdlez et al. [15] to hard spheres in a spherical cavity, utilizing
Fourier space convolution. For FMT in spherical coordinates pro-
jection of the weight functions onto one dimension was described
by Roth [19].

Convolution in Fourier space by exploiting the FFT or similar
algorithms is not the only approach to speed up the computation of
the convolution integrals appearing in DFT problems. Yatsyshin
et al. introduced a Chebyshev pseudo-spectral collocation method
in combination with Clenshaw-Curtis quadrature for computation
of the convolution integrals in one [20] and two dimensions [21] of
a Cartesian grid, extended by Nold et al. [22]. Contrary to FFT
convolution, equidistant grid spacing is not required, but possible.
Problem-specific grid spacing has potential to reduce computa-
tional effort. Xu and Cao [23] used a two-dimensional multiscale
finite element approach to reduce computational complexity for
the convolution integrals.

Computation time, of course, not only depends on the perfor-
mance of the Helmholtz functional computation and the involved
convolution integrals but also depends on the algorithm used to
solve the system of nonlinear equations as well. Previous work on
numerical algorithms can be found in Kovalenko et al. [24], Frink
and Salinger [25,26], Frink et al. [3,4], Frink et al. [27], a comparison
of different nonlinear solvers in Mairhofer and Gross [28].

Classical DFT or DDFT are theoretical approaches that carry
molecular detail through averaged quantities. DFT approaches are
predictive when a suitable Helmholtz energy functional is applied.
We aim at applying FFT convolution to a functional consistent with
the perturbed-chain statistical associating fluid theory (PC-SAFT)
equation of state [29,30]. The PC-SAFT equation of state is formu-
lated in terms of the Helmholtz energy allowing easy generalization
to Helmholtz energy functionals. PC-SAFT provides good de-
scriptions of thermodynamic properties in bulk phases for a wide
variety of real substances and mixtures, including components of
low molecular mass [30], but also complex species like polymers

[31] or associating substances [32]. The underlying molecular
model regards molecules as hard chains with attractive van der
Waals segment-segment interactions or hydrogen-bonding (asso-
ciating) [32—37] or dipolar and quadrupolar interactions [38—40].
Several approaches combining PC-SAFT and DFT have been pro-
posed. Gross [41] described a DFT for pure substances which was
generalized by Klink and Gross for mixtures and successfully
applied to vapor-liquid [42], liquid-liquid interfaces [43]. Klink et al.
[44] and Lamanna et al. [45] applied this PC-SAFT DFT to interfacial
transport resistivities. Sauer and Gross [46] suggested a Helmholtz
energy functional for the dispersion contribution based on a
weighted density approximation suitable for confined systems,
predicting physical phenomena like surface tension, contact angles
[47] and adsorption isotherms. Similar approaches were taken by
Shen et al. [48,49], Ye et al. [50] and Xu et al. [51].

This work provides a practical guide to implementing and
solving DFT models that are based on weighted densities. We wish
to facilitate the use of DFT approaches in engineering applications.
More specifically we demonstrate implementation of the ideal gas,
hard-sphere, hard-chain and dispersion contribution of PC-SAFT
DFT in Cartesian, cylindrical and spherical coordinate systems.
We use the FFT algorithm for Cartesian coordinates and the axial
contribution to cylindrical systems, the fast Hankel transform is
applied for the radial contribution to cylindrical systems and the
fast sine and cosine transform is adopted for systems described in
spherical coordinates. In contrast to previous work using cylindrical
coordinates [18], we apply the fast Hankel transform of Hansen
[52,53], which allows computation of Hankel transforms on equi-
distant (rather than logarithmic) grids by using a combination of
fast Abel [54] and fast sine and cosine transforms. Equidistant grids
reduce computational overhead because a smaller number of
overall grid points is usually possible, while maintaining the same
worst-case grid density as compared to logarithmic grids. Fourier
space convolution is easier to implement than naive real space
convolution, which allows writing robust simulation codes.

The general procedure is shown for weighted density approxi-
mations in the main part of this work. A detailed description of
equations for Helmholtz energy functionals based on the PC-SAFT
equation of state is provided in the Supporting Information,
including functional derivatives of the model as well as a
comprehensive introduction to Fourier space convolution.

2. Classical density functional theory

The starting point for classical DFT is the grand potential func-
tional Q, which, for a mixture of N. components is written as

Ne
Qpi(r)}=Fl{p(r)}] + > Jﬂi(l') (VP (r) — ;) dr 1)
i=1

with Helmholtz energy functional F, chemical potential u; of
component i and the external potential Vie"t, acting on component i.
Although not made explicit in this notation, the specified variables
of Q are temperature T, volume V, and chemical potentials u; of all
species. Square brackets denote a functional dependence and curly
brackets around {p;(r)} indicate a vector of all densities within a
mixture, i =1,---, Nc.

In equilibrium the grand potential functional is minimal and the
value of the grand potential functional reduces to the grand po-
tential Q0 = Q[{p?}]. The minimum implies, that for the equilibrium
density profile {p?(r)}, the functional derivatives of the grand po-
tential functional @ with respect to the density profiles {p;(r)}
vanish, according to



R. Stierle et al. / Fluid Phase Equilibria 504 (2020) 112306 3

6?[{ﬂ,}] -0 (2)
which leads to the main equation of DFT
OF[{pi}] _ _yext ;

that can be solved for the density profiles { p?(r)} in the considered
volume, provided a model for the Helmholtz energy functional is
available.

2.1. Weighted density approximation functionals

Weighted density approximation functionals can be constructed
generically as

BF({p;(r)}] = j@({m(r)mﬂr)}) dr 4)

where a={1,---} is a generic index that denotes the scalar-valued
weighted densities and f<{V1,---} points at the vector-valued
weighted densities, with F = kBiT where kg is the Boltzmann
constant, and with the reduced Helmholtz energy density ®, which
is solely a function of the weighted densities n, g. The weighted
densities n, 4 are calculated via convolution of the density profile

{pi} as

N,

C NC
nag® = - [0 e —r) dr = > pimeo’m (5)

i=1

the respective weight functions w§ are typically defined as func-
tions including Heaviside step functions ®, Dirac delta functions 4,
or derivatives thereof & as shown for scalar-valued weight
functions

w¥(r)x@(R; — |r) (6a)
W (r)xd(R; — [r]) (6b)
wff(r)ocd’ (R; — | (6¢)

Vector-valued weight functions are expressed as combinations
of the previous weights with the position vector r as

8 r
] (r)amw, (r) (7)

For the case of eq. (6a) one averages over a spherical volume,
whereas for the case of eq. (6b), the weighting is defined on the
surface of a sphere with radius R;. The functional derivative is
calculated as

dr’

68F™ [{ni} ] J 50

op;(r) op;(r) )
6na,5 (l'l)

od
- _9® Tl gy
J 2 on,5(F) py(r)

with the functional derivative of the weighted densities, according
to

l./l) dl.//

5”0416(1'/) o NCJ // aﬁ
opi(r) 5/)] ,2 i)

N

zJ& O — ) (' — 1) dr”

i=1

(9)

o a0/
= o7 (r—r)

with d;; as the Kronecker delta and ¢ as the Dirac delta function.
Substitution of eq. (9) in eq. (8) allows the functional derivative to
be rewritten as a sum of convolution integrals, according to

SBF™[{p;}
- ] = 3 J_GCI) wJ‘."ﬂ(r/ —r)dr
6p](r) ap anaﬂ
(10)
— o= a 9
= 6na L Z on; ®e wj
The scalar-valued weight functions are even, with
(' —1)=0fr-r) for as{1,--} (11)
while the vector-valued weight functions are odd functions
Wl -r)=—olr-r) forfefvl, -} (12)

leading to the minus signs in eq. (10).

3. Fourier space convolutions

Weighted density approximation functionals and functional
derivatives can be calculated efficiently in Fourier space, by making
use of the convolution theorem of the Fourier transform. In this
section we show how to compute the required Fourier transforms
in various coordinate systems using off-the-shelf FFT, fast Hankel,
fast sine/cosine transform algorithms.

We show the procedure by considering weighted densities as
convolutions of density p; with weight function w;. One transforms
the density profile p; to Fourier space using a discrete transform
scheme and, after multiplication in Fourier space with the analyt-
ically transformed weight function, transforms the result back to
real space using the inverse discrete transform scheme, according
to

oty ar = o ewr o
7T [0 0] (13)
77 0o ()]

na,ﬁ(r) =

with the Fourier space vector k, and introducing the Fourier
transform .7 and inverse Fourier transform operator .7 !, The
circumflex ~ above quantities indicates them being the Fourier
transforms of the respective quantity.
The scalar-valued weight functions in Fourier space, eq. (6), are
obtained using
~N ¢ o
o; (k) =7 [0f ()] (14)
The vector-valued weight functions in Fourier space can be
described by
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ol & — i ko (k) (15)

where the position vector | ‘ in eq. (7) transforms to (—ik) in
Fourier space, with the imaginary unit i.

3.1. Convolution in cartesian coordinates

For Cartesian coordinates we substitute r=[x,y,z]" and
k= [kx,kwkz]T. The Fourier transform of the density profiles is
computed as

/ﬁi(kX7ky7kZ):'7x'gy‘72[pi(x7yvz)] (16)

just as presented in Appendix A in eq. (A.6). For computation of the
scalar-valued weighted densities

Ne

=1 -1 -1
N

i=1

Ma(x.¥,2) = (B, Ky ke 0 (kx ky ) |

(17)

the inverse Fourier transform for scalar functions, eq. (A.7), is
needed. For the vector-valued weighted densities we use the
vector-valued weight functions in Fourier space from eq. (15). The
inverse Fourier transform is obtained as

Nc

2,7*1

i=1

ng(x,y,2) = [ 1K@ (07;(k)| (18)

with

7~ i kaf (10700

ei];lyilj‘; [—1 kx (O (kx,ky,kz)ﬁi(kx,k)hkz)]
— | T T T [ ky O (ke Ky, ke) i (ke Ky, k)|
i (

T T T =1 ke O (ke ky k) i (ke Ky Ke) |

(19)

using the inverse Fourier transform for vector-valued functions
from eq. (A.14). The convolution integrals of the Helmholtz energy
density derivatives ad’ with the weight functions f are computed
similarly.

The scalar-valued convolution integrals in eq. (10) are obtained
using the scalar inverse Fourier transform from eq. (A.7), leading to

o 1 q[0® _
an. ® v —]xlyylyz1 [ﬁ(kx,ky,kz)w?(kx,ky,kz)] (20)

with the scalar Fourier transform of the partial derivative of the
Helmholtz energy density, eq. (A.6), computed according to

[ ___[o®
a—na(kx,kjhkz) :yxu y(/z|:ﬁ (x’y’z):| (21)

The vector-valued convolution integrals in eq. (10) can be
handled using the inverse Fourier transform of scalar-valued
functions, eq. (A.7), leading to

o

D | |
Zew = T T 7! a—’ §|k+a—’ o),
aﬂﬂ 6115 k X 6n6 k
_ (22)
o o
+@ W g,

where the dot product in Fourier space is used, calculated according
to

m
ong |y, _
< ofly,
5 | a0 N
s = | anal, |” ‘U?h@
8 B 1k,
L (23)
— Wj [k,
o
anﬁ k,
_ 55 ~B 0 ~B 55 ~B
~ ang|, Wj [, + @’kywi Ik, ang kzwi Ik,

whereby the vector-valued weight functions, eq. (15), in Fourier
space in each direction are defined as

P i (s Ry, k) = — 1 k@ (I, Ky, kz) (24a)
OF Ity (ke ky k) = — 1 ky@f (k. Ky Kz) (24b)
OF 11, (ke ky, k) = — i k@ (K, Ky, kz) (24c)

The vector-valued Fourier transform, eq. (A.11), of the vector-
valued derivatives of the reduced Helmholtz energy yields

od
TxTyT 7 an6| L(X,¥.2)

—

od [0

_ d T
T{g(lcx,ky,kz): .‘fx.f/yyz \y(xy7z) (25)

FxTy T2

_@\z(?@ Y, Z)_

3.2. Convolution in cylindrical coordinates

We regard problems in cylindrical coordinates with angular
symmetry, leading to two-dimensional problems. The presented
formalism follows Botan et al. [18], but instead of separating the
external potential to obtain vanishing boundary conditions, we
separate the density profile directly. The fast Hankel transform al-
gorithm used for computing the Fourier transform requires the
function to vanish for large values of the radial coordinate r. That is
why we decompose the density profile into a part that approaches
zero at large r = rmax and a part that only depends on the axial
coordinate according to

pi(r,2) =pR(r,2) + pP(2) (26)

The contribution that shifts the density profiles is defined at the
r-boundary p{*(z)=p;(r = rmax, z). The remaining contribution
piA(r,z) is well-behaved for a treatment with the fast Hankel
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transform.
The Fourier transform of the density profiles is computed ac-
cording to eq. (A.26) as presented in Appendix A

o(kr)

ﬁi(kl’y kz) = ]Z;/O [plA(r7 Z)} + 572 [ploo (Z)J 27Tkr

(27)

with the Hankel transform of order zero 7. The solely z-depen-
dent contribution pf° is transformed via a Fourier transform in
z-direction, while the analytical Hankel transform in the constant
r-direction yields 2 S k’

The scalar—valued weighted densities ng, are calculated using the
inverse Fourier transform for scalar functions, eq. (A.27), leading to

N R
Na(r,z) = 2('72_17/6] [ﬁiA(kr, k)& (kr, kz)] 08)
i=

+771 0% (k)0 (kr = 0.k)])

For the vector-valued weighted densities we use the vector-
valued weight functions from eq. (15). The inverse Fourier trans-
form is obtained as

T [kr 0% (kr, ko)™ (kr, kz)]

2

ng(r.z) = 0
i=1
75 <1 ke @ (ke ko) (ki o)
0
n 0

;1 [ —i ky @ (ky = 0, kz)ﬁ;"(kz)}
(29)

with the Hankel transform of zeroth and first order, .7’y and .7,
respectively. For this result we made use of the inverse Fourier
transform for vector-valued functions, eq. (A.42). The convolution

integrals of the Helmholtz energy density derivatives 3‘1’ with the
weight functlons w“'ﬁ are computed similarly. The partlal de-
rivatives 2>
Analogous to eq. (26) we therefore shift the profile by splitting the

S at the r-boundary do not approach zero in general.

partial derivatives into a r- and z-dependent contribution § M’ (r 2),
which approaches zero at the r-boundary, and the z—dependent

value at the r-boundary % (), according to

A o
00 o0 0 30)

For the scalar terms one obtains

—

A
oot

TR (kr, k2)©f (kr, kz)}

(31)
__1[od* -
+7;! [—a (ke)>f (ke = O,kz)}
Ny
using the scalar inverse Fourier transform from eq. (A.27). With the

scalar Fourier transform of the partial derivative of the Helmholtz
energy density, eq. (A.26), according to

) , o™ _[ad> 7 6(kr)

—(k =70 | — F 2

k) = 7270 G|+ 7 @] o) 62)
For the vector-valued contributions we have

6(13 ﬁ 1 op—1 6&; ~a 5&; ~a

@@(l) ']Z /7/0 Ekr&)i |kr+akzwi |kz (33)

where the expression in angular brackets results from the dot
product in Fourier space

)
— ong Kk, of — —
RPN Rl B R B TR
amg [ 5| omgl kT omg), 1k

@ W; |kz

anﬂ k,

(34)

requiring the weight functions from eq. (15)
O (ke kz) = — i ke @S (kr, kz) (35a)
O (ke kz) = — k@ (ke kz) (35b)

using the inverse Fourier transform for scalar functions from eq.
(A.27). Equation (33) further requires the vector-valued Fourier
transform, eq. (A.35), of the vector-valued derivatives

A

N F 271 [f 1 %h(r,z)}
%(lcr, k)= 0
7o [gﬁAw 2) (6)
0
. 0
7[5 @] 5ep

Combining eqs. (35) and (36
vector-valued contributions

) in eq. (33) we obtain for the

od 1 op1[ i~
@@O}ﬂ = jz y/o |:71(J\):'X(kr7kz)

— —

A A
x(lcraq) B (kr,kz)+kza® k. (kr,kz))] (37)
anﬁ

—
[Se]

_ - oD
+.7;1 [7 i k; & (ke =0, kz)ﬁhﬁ(kz)]

3.3. Convolution in spherical coordinates

The fast sine/cosine transform algorithms used for computing
the Fourier transform in spherical coordinates require the function
to vanish for large values of r. If the density profiles p;(r) do not
approach zero, we define shifted profiles piA(r) which do approach
zero at large radial distances r = rpax by splitting the density profile
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pi(r) =pf(r) + p° (38)

into a r-dependent contribution piA(r), vanishing at the boundary,
and the constant value at the boundary p$°(r = rmax). The Fourier
transform of the density profiles is computed as presented in
Appendix A, according to eq. (A.52) while the constant boundary
value can be computed analytically, leading to

_ 2,
pi(kr) 577 [pR(r) 1] + po(kr) (39)

The scalar-valued weighted densities ng, are then calculated
based on the inverse Fourier transform for scalar functions, eq.
(A.53), leading to

NC

no(r) = Z(%JM (ke & k)t (k)| + Of (ke :0>pf°) (40)

i=1

For the vector-valued weighted densities we use the vector-
valued weight functions, eq. (15), and transform them back to
real space using the inverse Fourier transform for vector-valued
functions from eq. (A.71). For the vector-valued weight functions

ng(r) = %(er; SIN [—1 kr & (kr) P; (kr)}
_erz_ /(/{—1 ke © (kr) ke p? (kr)D

the convolution with the constant value from shifting the density
E)?(kr = 0) = 0. The convolution integrals of
the Helmholtz energy density derivatives % with the weight

(41)

profile vanishes due to

functions w“ B are computed similarly. If the partial derivatives 55> ad’
do not vanish, we shift the profile to zero by splitting the partlal
derivatives into a -dependent contribution @ (r) vanishing at the

boundary, and the constant value at the boundary g‘l’ according to

od Rl Rt

s = O+ an (42)

For the scalar terms one obtains

od o 2 ‘I)A ~a
ﬁ ® (,()i —?/j (kr) i(kr) kr +m&)

(43)
using the scalar inverse Fourier transform from eq. (A.53). With the

scalar Fourier transform of the partial derivative of the Helmholtz
energy density, eq. (A.52), obtained from

@, 2 [od® aq>°°

For the vector-valued derivatives we compute the dot product

) 8 odA 8 P> 8
ong w; = wkrek, w; |k,ek,+w|k,5(kr)ekr 0; |, €,
00t |
= @krwf‘\k + |k,6<kr> I,

(45)

in Fourier space, the convolution with the constant value from
shifting the density profile vanishes due to E)?(kr: 0) = 0. The
weight functions, eq. (15), are obtained from

OF )y (ke) = — i krof (kr) (46)

In real space, this results in

"
g © V=7 7S [% aiﬁ|k,kr} (47)
6 8 Ik,

with the inverse Fourier transform for scalar functions, eq. (A.53).
With the vector-valued Fourier transform, eq. (A.62), of the vector-
valued derivatives obtained from

2i [ach

0
k) = e e ]

i Jeet AP
g 77 0] + € 9k

(48)

Combining the above equations for the vector-valued convolu-
tion, we obtain

A
@ ® a)ﬁ 7% /7,/1/‘[— i krw (kr)aq)
anﬂ anﬁ

k,kr] (49)

4. From integral transform to discretized representation

In this section we discuss the transition from continuous inte-
gral transforms to discrete representations of the inhomogeneous
field variables (e.g. p;). For Cartesian coordinates, the fast Fourier
transform is used. For cylindrical coordinates we apply a combi-
nation of the fast Fourier and the fast Hankel transform (from a
combination of fast Abel and fast Fourier transform, appearing as
fast sine and cosine transform). For spherical coordinates the fast
sine and cosine transforms are utilized. Because the weight func-
tions from the weighted density approaches w; are transformed to
Fourier space analytically, we also show the connection of the
r-grid in real space to the k-grid in Fourier space. The fast Fourier,
fast sine and fast cosine transforms are taken from FFTPACK [55,56],
while the fast Abel transform follows Hansen [53] and Hansen and
Law [54], described in detail in Appendix C. Strategies to minimize
Gibbs phenomenon are presented in Appendix E.

4.1. Cartesian grid

For Cartesian coordinates, we use the FFT in each dimension. A
schematic grid is visualized in Fig. 1. FFT algorithms require real
space samples evaluated on an equidistant grid. Even though a
physical problem may be non-periodic in the domain of interest
Lin , fast Fourier transforms will treat the considered domain as is it
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Lout,z Lin,z

Ltot,z

Fig. 1. Schematic equidistant Cartesian grid with N = 8 grid points and grid spacing Az.
The partitioned elements represent a discretization used for finite volume methods,
while the function to be transformed is evaluated at the center of those elements z;.
The density profiles are computed on the inner domain L;, ,, while the buffer zones
Lout; compensate the periodic continuation of the FFT and serve as boundary
conditions.

was surrounded by infinitely many (i.e. periodic) images of itself. To
suppress the unwanted effect of periodic copies of the regarded
domain, definition of a buffer region Loy, on each side of the
domain is needed. The two outer buffer regions Loyt also serve as
constant boundary conditions for the evaluation of the weighted
densities at the boundary. Due to the functional nature of the
problem a buffer domain is required as boundary condition, in
contrast to boundary conditions for functions where information
about a single point is sufficient.

4.1.1. Grid and boundary conditions

We thus consider a grid covering three domains, the two outer
buffer domains with length Loyt 2, and the inner domain of interest
with length L;, ,, where the density profiles are iterated. To better
connect this section to the previous one, we remind that the grand
potential functional Q is a functional of density profiles {p;} and a
function of the variables ({y;},T,V), whereby the system volume V
is defined by the domain length L;, , in z-direction. The choice for
the value of the buffer length Loy, is determined by the influence
length of the weight functions. Here, the weight functions, eq. (6),
have an influence length of R;. For the hard-sphere fluid as
described with the modified FMT [57,58], two times the influence
length corresponds to the closest approach of two hard spheres of
type i. Because two types of convolutions are computed (one for
computation of the weighted density profiles and one for the
convolution of the reduced Helmholtz energy with the weight
functions), the buffer length Loy, has to be at least twice the value
of R;. After each of the two convolutions, a fraction of the buffer
domain with length R; is tainted due to possible inhomogeneous
boundary conditions and periodic continuation of the FFT, which
leads to the length of the buffer zone, as

Loutz; > max{2R;(T)} (50)

4.1.2. Discrete representation for FFT algorithm

We now explain the k-grid in Fourier space for the computation
of the weight functions, eqs. (14) and (15). The approach is shown
for one dimension only. Higher dimensions are the result of mul-
tiple consecutive Fourier transforms and can be treated
analogously.

The discrete Fourier transform with Fourier variable k as used in
FFT algorithms is defined as the following sum

_ N-1 »
Fe=> fie % withk=0,-,(N-1) (51)
j=0

which transforms a finite series of N equally-spaced samples
z; = j Az of a function f; into a series of equally-spaced samples of
the function in Fourier space f. Index j denotes the discrete grid
points in real space, while k denotes the grid points in Fourier
space.

In comparison, the continuous Fourier transform can be dis-
cretized as well with z; = jAz and f(z;) = f;. The continuous Fourier
transform then leads to a similar equation as the discretization of
the Fourier transform, eq. (51), namely to

e . N-1 .
J f(Z) e—27r1 zk, dz= ZL e—27r1]AzszZ (52)
j=0

zZ—— J

f(kz) =

where the result is multiplied with Az compared to the unscaled
version in eq. (51). Comparison of the arguments of the exponential
functions in eqs. (51) and (52)% = jAzk, yields the discretization in
Fourier space, as

k k

ke = N&z ™ Lotz

with k=0,---,(N—-1) (53)

At first glance, this result differs from the one proposed by
Knepley et al. [1], because we define Ly, differently. We evaluate
the function to be transformed at the center of the elements in Fig. 1
instead of the edges, as done by Knepley et al. [1], so that the
regarded overall domain for the work of Knepley et al.
(imt,z = Liotz —AZz) is different to our overall domain length (Liotz)
for the same number of grid points N and the same discretization
step size Az. Complex-valued FFT algorithms include negative k-
values as well. For an even number of grid points, the k-vector for
the computation of the discrete representation of the weight
functions, eqs. (14) and (15), is

e G (D] e

For real-valued FFT algorithms, the k-vector looks differently

k=) [0,1,1,2,2,--, (g)} (55)

tot,z

this yields a k;-grid in Fourier space which is used for the analytical
computation of the weight functions ®;, eq. (14) and (15). These
weight functions ®; are then multiplied in Fourier space with the
FFT output of the function to be convolved, the result of which is
transformed back to real space using the inverse FFT. For higher
dimensions, the k-grid becomes a two- or three-dimensional array,
while ky and ky are constructed equivalently to eq. (54) or eq. (55)
with their respective length scale Liot x and Lot y. The absolute value
of k is calculated as

K| =\/K; + ki + K (56)

4.2. Cylindrical grid

For cylindrical coordinates, we use the fast Fourier in axial and
the fast Hankel transform (as a combination of fast Abel and fast
sine and cosine transform) in radial direction. The procedure of the
axial direction is equivalent to the approach for Cartesian
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N=6 Ar

—_
[\
w
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(@)

r r r3 r4 rs e

Lout,r

Ltot,r

-« >

Fig. 2. Schematic equidistant radial grid with N = 6 grid points and grid spacing Ar.
The partitioned elements represent a discretization used for finite volume methods,
while the function to be transformed is evaluated at the center of those elements r;.
The density profiles are computed on the inner domain L;, ., while the buffer zone Lot r
serves as boundary condition, where the density profiles pl.A g0 to zero.

coordinates as described in the previous section, therefore, only the
radial direction is regarded here. A schematic grid is visualized in
Fig. 2. As opposed to the approach of Botan et al. [18], who
computed discrete Hankel transform on a logarithmic grid, we
adopt the ideas of Hansen [52,53] and Hansen and Law [54], using a
combination of Abel and Fourier transforms, which allows
computation of the Hankel transform on equidistant grids.

4.2.1. Grid and boundary conditions

The radial grid is divided into two domains, the outer domain
with length Loyt,r, which is needed as boundary condition for the
evaluation of the weighted densities at the boundary, and the inner
domain with length L;, ., where the density profiles are iterated.
Due to even and odd continuation of the fast sine and fast cosine
transform, respectively, no boundary domain for r< 0 is needed.
The size of the outer domain Loyt is determined as described in
section 4.1.1. Therefore, the size of the outer domain is determined
as

Loutr > m?X{ZRi (D} (57)

4.2.2. Discrete representation for FFT and fast hankel transform
algorithms

The k-grid in Fourier space for the computation of the weight
functions, eqs. (14) and (15), is computed as follows. The axial di-
rection is equivalent to the Cartesian grid, eq. (53), whereas for the
radial component the k-values correspond to twice the domain
shown in Fig. 2. Instead of the Fourier, the discrete sine and cosine
transform are used, which exploit symmetry and, therefore, require
only half of the Fourier domain. The length of the whole Fourier
domain in radial direction is (2Lt ). This leads to the following k-
grid for the radial component

k k

ke =gngr—an Wit k=0, (N=1) (58)

This yields a ky-grid in Fourier space which, together with the
k,-grid, is used for the analytical computation of the weight func-
tions ;, eqs. (14) and (15). These weight functions ®; are then
multiplied in Fourier space with the FFT and fast Hankel transform
output of the function to be convolved, and this result can be
transformed back to real space using the inverse FFT and inverse
fast Hankel transform algorithms. For two dimensional problems in
cylindrical coordinates, the k-grid becomes a two-dimensional
array. The absolute value of k is calculated as

K| = /K2 + Kk (59)

In this work, we utilize the projection-slice theorem for the
computation of the Hankel transform, where the Hankel transform
is replaced by

Zolf(N] =7 r7[f(1)] (60)

a combination of Fourier .7 and Abel transform .«#. The algorithm
for computation of the fast Hankel transform is based on work of
Hansen [52] and described in detail in Appendix C. The inverse
transform is computed from a combination of inverse Abel and
inverse Fourier transform, as

T [Fke)] = V7 [ f (k)] (61)

The Abel transform is computed as described in Appendix C. As a
result of rotational symmetry, all density profiles are even with
respect to r = 0. This allows using the cosine instead of the Fourier
transform. Because some calculations require a division by the
radius r, we locate the first grid point at r = %. For this grid dis-
tribution, we require the discrete cosine transform Il (Z #.77)
which is available in FFTPACK as subroutine COSQ1B. More details
on the discrete cosine transform are presented in Appendix D. The
Fourier transform of scalar functions f(r, z), using the Hankel
transform of zeroth order as in eq. (A.26), is computed from

~

fke ke) =5, €Ty /(f(r,2)] (62)

with the Abel transform .<7. The inverse transform uses the discrete
cosine transform lll (2 .9 = 9.7 1‘11) which is available in
FFTPACK as subroutine COSQIF and can be computed via

fr.2=v"' g7y 77 [f ke, ky)] (63)

For vector-valued functions, the Hankel transform of first order
is computed from the zeroth order Hankel transform with eq. (B.3)
from Appendix B, leading to

fke k), = F221[f(1.2)|]
DECT A Fr2)l + ¥r.2)ly Z)‘TH
r

= 7290k 7 or

(64)
The application of this is limited to the radial contribution in eq.

(36), where f(r,2)|, = —i %h(r,z) is an odd function in r. This leads

to the derivative aﬂgirz)‘ being an even function. Even continuation

of the & #.77; allows neglecting the odd contribution f(r—rz)‘f which

leads to the simpler form

f(kr, kz)|kr =7

Gz G 7 af(r7z)|r
7 2k, DECET WA [T (65)

The derivative % can be approximated using central differ-

ences with vanishing boundary conditions from

of (z,r™) _f(r+V) z) — f(r=D) z) 66
or  rnt) (1) (66)

The inverse transform is computed similarly, according to
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frol, = 77 77 ke ko)l ]
o [T ke k)l ] 07, [ (e k)]
= 70 [ Ik ok

1|7 ke k] L7y [ (ke k)l ]
r r 2wk, ok

(67)

The derivative in the second term of eq. (67) can be replaced
using the identity

7 [0 ] —2mrr gtk 2) (68)

with g(kr,z) = 9;1[f(kr, kz)|x,]- This is applied to eq. (29) where
g(kr,2) is a real even function in kr, making (%1) purely
imaginary and odd in k;. The purely imaginary and odd inverse
Fourier transform .7 ! {%i} can, therefore, be replaced by the

sine transform 27r<..7 (g (kr, z)]. The first term in eq. (67)
transforms an even function and allows for replacing the Fourier
transform .7 ! with the & .7, according to

kr, k
TCTWT ;]! F( L Z)ﬂ

f(r,z)|r = 27ky

1
—o7 1
-

(69)
+27TT9,7/,,"71HF/‘;] P‘\(kr7 kz) |kr:|:|

Equation (65) with eq. (66) and (69) are our final equations for
the forward and inverse transform in radial direction, respectively.

Here we require the discrete sine transform Il (.77 ;) which
is available in FFTPACK as subroutine SINQIF. The grid for the
2.9 .7 algorithm has to be shifted in Fourier space. The proced-
ure is described in section 4.3.2 and visualized in Fig. 5. More details
on the discrete sine and cosine transform are presented in
Appendix D.

4.3. Spherical grid

In spherical coordinates we only consider one-dimensional
problems, where angular symmetry exists. We use the fast sine

N=6 Ar

>

,_
)
w
~
W
(@)}

Ltot

Fig. 3. Schematic equidistant spherical grid with N = 6 grid points and grid spacing Ar.
The partitioned elements represent a discretization used for finite volume methods,
while the function to be transformed is evaluated at the center of those elements r;.
The density profiles are computed on the inner domain L;,, while the buffer zone Loyt
compensates for periodic continuation of the fast sine and cosine transform, and serves
as boundary condition, where the density profiles piA go to zero.

DCTu OO0OO0OO0O0000O0

DSTu OOOOOO0OO0O0O0
DSTm OOO0OO0OO0OO0O0O0O
k=0 N
k=0 N-1)

Fig. 4. Shift of indices to match .. and ¥ .7 to .77 . Filled spheres
represent the k-grid of the respective forward (red) and inverse (blue) transform.

DSTu OO0OO0OO0OO0OO0OO0O0O0
DCTm OOO0OO0OO0OO0OO0OO0O
DSTm OO0OO0OO0OO0OO0OO0OO0O0

k=0 . N

-1

Fig. 5. Shift of indices to match .. and 2 #.7 to .77 . Filled spheres
represent the k-grid of the respective forward (red) and inverse (blue) transform.

and fast cosine transform. A schematic grid is visualized in Fig. 3.
Fast sine and cosine transform algorithms require real space sam-
ples evaluated on an equidistant grid.

4.3.1. Grid and boundary conditions

Similar to cylindrical coordinates, no boundary domain for r <0
is needed, because the used algorithms for the discrete sine and
cosine transform assume odd and even continuation, respectively,
which can be exploited here due to spherical symmetry re-
quirements. The size of the outer domain Loy is determined as
described in section 4.1.1. Therefore, the size of the outer domain is
determined as

Lout > max{2R;(T)} (70)

4.3.2. Discrete representation for sine and cosine transform
algorithms

The k-grid in Fourier space for the computation of the weight
functions, eqgs. (14) and (15), is computed as follows. The discrete
sine and cosine transform are recovered by discretization of the
derived Fourier transform in spherical coordinates. There are four
relevant variants of the sine and cosine transform, each with a set of
different boundary conditions and discretization schemes. Due to
the singularity at the origin in spherical coordinates, we locate the
first grid point at r = %. For this grid distribution, we need the
discrete sine transform Il (~..77;), according to

fr = :lz;ﬁsin [% <j + %) (k* + 1)}

with k* =0, -+, (N — 1)

(71)

which is available in FFTPACK as subroutine SINQ1B. More details on
the discrete sine transform are presented in Appendix D. The iter-
ation variable k* does not represent the true Fourier variable k,
which for the .77 is obtained from k = k* + 1.



10 R. Stierle et al. / Fluid Phase Equilibria 504 (2020) 112306

The matching discrete cosine transform is the o #.7,,
computed as
N-1
= m 1
fr= ijcos{— (j+—>k}
= INY 2 (72)

with k=0,---,(N-1)

which is available in FFTPACK as subroutine COSQ1B. More details
on the discrete cosine transform are presented in Appendix D. Both
transforms transform a finite series of equally-spaced samples z; =

% (j +%> of a function f; into a series of equal length in Fourier space

fk. The index j denotes the discrete grid points in real space, while k
denotes the grid points in Fourier space.
For both transforms, indices k and k* run from O, -

Fourier space, but the &

N p
f k/ = 0, while the & .77 treats the value f ke 0 explicitly. In

contrast, the & .77 does not provide a value for k = N, while the
9.9.9 1 does (as k* = N — 1). Because the transformation to Fourier
space in eqs. (41) and (48) requires f(r) to be multiplied with r, the
argument of the sine and cosine transform are always zero at r = 0,

which leads to fk 0 =0.
For the computation of eq. (48) a combination of .7 and
2 ¢ .7 is needed. Because the inverse transform, eq. (47), uses

(N-1) in
2.7 treats the point k = O 1mp11c1tly as

v
solely the 2.7 the value fk 0

= 0 can be neglected, but the
value for k = N (or k* = N— 1) for the .. has to be added:
D TT

fren = 0. This approach is not exact, but a reasonable approxi-

mation as fk/;w/ — 0 for smooth functions and appropriate number
of grid points. This procedure is necessary to match the different k-
values of the .., & ¢.7 1 and 2.7 ;. The shifting of indices
is visualized in Fig. 4.

The inverse of the .. and & #.7 are the .. ;; and
€7, respectively. The .77 is avallable from FFTPACK as
subroutine SINQ1Fand & #.7 y; as subroutine COSQ1F. Again, the k-
values of the ..y and & .7 ;1 do not match. For computation
of eq. (41), a function in Fourier space as result of a & 7711 is
transformed back to real space using the &.¥.7 1 and & .7 .
The .. can be performed 1mmed1ately For the inverse

7:0hastobe

transform using the g
added. Therefore, f KN

7 7, the exact value f, e
i is disregarded, which has negligible effect

~TCT
as f k/_, m/ — 0 for smooth functions and appropriate number of grid
points. The shifting of indices is visualized in Fig. 5.

For computation of the appropriate discrete k-grid, the analyt-

ical sine transform can be discretized with r; = (j +%>Az and

f(rj) =f;. This leads to a similar equation as the discrete sine
transform, eq. (71), according to

f(ke) f(r)sin(2rrky) dr

Il
—38

r:

o
—
~
w
=

U

N-1
> fisin {2# (] + 2) Arkr} Ar
j=0

Comparison of the arguments of the sine functions in eqs. (72)
and (73), & (j +2> <k* +1) = 27r<j +%> Ark; yields the discretiza-

tion in Fourier space, according to

K — k*+1 k +1
"T2NAz T 2Lt

In contrast to eq. (53), we divide by (2Lot), because the .77
assumes odd continuation by considering only half of the domain
compared to the corresponding Fourier transform. For N grid
points, the k-vector for the computation of the discrete represen-
tation of the weight functions, eqs. (14) and (15), is

with k* =0, -+, (N—1) (74)

95T _ 1
kr _2Lt0t [1 7N} (75)

while the same approach leads to a k-vector for the &
cording to

&7, ac-

K7€ 2let[o (N=1)] (76)

this yields a k;-grid in Fourier space which is used for the analytical
computation of the weight functions ;, eqgs. (14) and (15). These
weight functions @; are then multiplied in Fourier space with the
9.7 and & .7 output of the function to be convolved, while
this result can be dlrectly transformed back to real space using the
9.7 m and 7 ¢ .7 algorithms.

5. Performance analysis of FFT convolution

To compare the efficiency of convolution algorithms using fast
Fourier or similar transforms (i.e. discrete sine, cosine and Abel
transforms), we compare the performance of one-dimensional FFT
convolutions, computed via
p®w=7"17lp@2)o k)] (77)
with three real space convolution algorithms. We adapt the nota-
tion of the weighted densities defined in eq. (5).

The first real space convolution algorithm, hereafter referred to
as naive convolution, approximates the convolution integral of a
density profile p with the weight function w (each with N dis-
cretization points) over the whole discrete domain, where the value
for the i-th element of the discrete sequence is computed according
to Ref. [59].

(p®w);= Zwkpl k Vi (78)

The second real space algorithm, referred to as compact
convolution, exploits the fact that weight functions are nonzero on
a finite domain. As a consequence, the sequence for the weight
function is shorter (length M < N) than the sequence for the density
profile. Therefore, the value for the i-th element is computed as

M-1
1 & .
(p®w)i:M Z WrPi—k Vi (79)

—_M-1
k=—H5

with the number of discretization points Me{2n+1|n eN*} for
the weight function, which is always an odd number due to the
symmetry of the weight function.

The third real space algorithm uses dense matrix multiplication

PO W= wp (80)

with the convolution matrix  and the density profile vector p.
Fig. 6 depicts the computing time for one convolution using the
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Fig. 6. Comparison of computing time t for one convolution using Fourier space, naive,
compact and matrix multiplication convolution, eqs. (77)—(80) respectively, for
different number of grid points N, including scaling behavior . Length of the inner
domain is Ly, , = 100 A and the radius for convolution is R = 1.8 A.

four algorithms defined in eqs. (77)—(80) with respect to the
number of spatial discretization points N. Additionally, scaling
behavior # of the used algorithms is presented (non-continuous
lines).

For small system sizes N, convolutions with convolution
matrices perform best, while computing times for naive, compact
and FFT convolutions are higher (staying in the same order of
magnitude). For N = 214, the scaling behavior of the FFT, #(NlogN),
renders the FFT convolution at least one order of magnitude faster
than the remaining algorithms. For a large number of discretization
points, convolutions using a matrix product, eq. (80), take the
longest, while naive convolutions, eq. (78), compute faster; both
scaling with #(N2). Compact convolutions, eq. (79), scale better
with respect to approximately #(N!-°), making this convolution
algorithm for large systems superior to the matrix product and
naive approach. FFT convolutions, eq. (77), scale best for large
systems (here N = 214) according to #(NlogN), performing at least
one order of magnitude better than the remaining algorithms. Even
for typical number of discretization points N = 210 = 1024 convo-
lution algorithms exploiting fast Fourier or similar transforms
perform best among the four considered numerical convolution
approaches.

To summarize, convolution algorithms exploiting fast Fourier or
similar transforms perform best for relevant systems among the
four considered numerical convolution approaches.

6. Conclusion

This work serves as a guide on efficient numerical imple-
mentations of classical DFT methods in Cartesian, cylindrical and
spherical coordinates using the convolution theorem of the Fourier
transform. Applied to Helmholtz energy functionals expressed in
terms of weighted densities, this allows for fast and easy DFT cal-
culations using off-the-shelf algorithms: fast Fourier, Hankel, sine
and cosine transforms. Especially for two- and three-dimensional
problems, using Fourier space convolution simplifies computation
of multi-dimensional convolution integrals compared to real space

methods. The main text describes scalar-valued and vector-valued
weighted densities that appear with FMT. The equations for a
Helmholtz energy functional based on the perturbed-chain statis-
tical associating fluid theory are explicitly written out in the Sup-
porting Information.
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Appendix A. Fourier Transform for Calculation of
Convolution Integrals

All convolution integrals occurring throughout this work are
convolutions of either a functional derivative of the Helmholtz
energy, or a density, with a suitable weight function w. These
convolution integrals can be calculated efficiently using fast Fourier
transform algorithms. In this appendix, the Fourier transform .7
and its inverse .7 ! in different coordinate systems are derived in
pedagogical detail.

In Cartesian coordinates the standard fast Fourier transform can
be used for all directions (for 1-D, 2-D and 3-D systems). For cy-
lindrical coordinates, rotational symmetry (2-D) can be exploited,
such that one can use the standard fast Fourier transform for the
axial direction and the fast Hankel transform (of order 0 and 1 for
scalar and vector weighted functions, respectively) for the radial
direction. In cylindrical coordinates (1-D), only fast Hankel trans-
forms are used. For spherically symmetric systems (1-D), fast sine/
cosine transforms are used for the calculation of the Fourier and the
inverse Fourier transform.

In the following, we lay out the details of how to compute the
Fourier and inverse Fourier transform for Cartesian (1-D, 2-D & 3-
D), cylindrical (2-D), cylindrical and spherical (1-D) coordinates.
Detailed derivations are presented to show consistency of the
approach and facilitate own implementations of DFT methods. The
Fourier and inverse Fourier transform are defined as

(k) = J'f(r)efzﬂi rk dp (A1)

f(r) = J?(k)e27ri rk i (A2)

with f as the function to be transformed, the imaginary unit i, and
the position vector in real and Fourier space r and K, respectively.
Here, r-k stands for the dot product of two vectors, and the
circumflex "~ indicates the function being considered in Fourier
space. By exploiting symmetry in the appropriate coordinate sys-
tem, the Fourier transform from eq. (A.1) can be used for the
derivation of the appropriate integral transform. In the following,
integral transforms for Cartesian, cylindrical and spherical co-
ordinates are calculated for scalar and vector-valued functions
f = {f,f}, respectively.

A.l1. Cartesian Coordinates

The Fourier transform is formulated in Cartesian coordinates,
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therefore, the Cartesian vectors are used for the dot product of r and
Kk, leading to

X kx
r-k=|y || ky | =xkx+yky + zk;
z k;

and the volume integral in eq. (A.1) simplifies to a triple integral
with volume element dr = dx dy dz, leading to

(A.3)

(o] o (o]

Tk, ky. k2) | | ey zie 2 ax
Z=—00 y=—00 X=—00
Xe—27ri yky dy e—27ri zk, dz
== ,]x,7y,7z[f(x,y7z)]

(A4)

The inverse Fourier transform is computed similarly, according
to

o o«
J J J T ke, ky, kz) €27 4% dlk

k=00 ky——c0 ky——o0

><e271'i yky dky e21ri zk, dkz

= T T T [F ke ky k)]

f(X7 y7 Z)
(A5)

A.1.1. Fourier Transform of Scalar Quantities
The x-, y- and z-direction of the Fourier transform can be
separated according to

f(kx7ky7k2) =T xTy T lf(x,y,2)]

Yielding a Fourier transform in each direction.

(A.6)

A.1.2. Inverse Fourier Transform of Scalar Quantities
The inverse transform can be treated analogously, leading to

fxy,2)= 707, 7 [ (ke ky k2] (A7)

A.1.3. Fourier Transform of Vector Quantities

The Fourier transform of vector quantities is performed by
splitting the vector into its different contributions depending on
the underlying coordinate system. For the case of Cartesian unit
vectors.

e ({3

The vector-valued function f can be represented according to

(A.8)

f
f(x,y,2)= (?) =frex +fyey + fre; (A.9)

Although this detailed treatment may not be necessary here, we
include it nonetheless, as it will help to understand the forth-
coming treatment in cylindrical and spherical coordinates. The
Fourier transform of f is calculated via

F (k. ky k) 1T (s
o) = J J J y(X,Y,2

2=" 00 y=rc0 x="00 \J2(X.¥,2) (A.10)
we—2m Xk 4y =27 YKy dy e—2mizk; q,

Or element-wise, as

TxTy7 2 [fx(X,y,2)]
TuTyT2|fy(xy.2)]
TxTy T lfz(x,y,2)]
(A11)
Each of the elements of the vector-valued function can be

transformed to Fourier space individually and, just as for scalar-
valued functions, can be transformed for every direction separately.

R Fr (k. ky, kz)
£ (kx, ky, kz) = Fr, (ke ky kz) | =
Fi, (ke ky, kz)

A.14. Inverse Fourier Transform of Vector Quantities

Treatment of the inverse transform of a vector quantity is
analogous to the treatment laid out in the previous section, i.e. with
the Cartesian unit vectors in Fourier space

1 0 0
ekx =[0 ,eky = 1 ,ekl =10
0 0 1

the vector-valued function f can be represented according to

(A12)

fx,
f(ke,ky ke) = | fi, | =fr.ex +frer +Fr.ex (A13)
sz
The inverse Fourier transform of f is calculated as
oo oo oo ./f\kx (kX> ky, kZ)
fx,y,2) = J J fky (k. ky, kz)
k,=—00 ky=—00 ky=—00 sz (kx7 ky7 kz)
><e271'i xky dkx eZ7ri yky dky eZﬂ’i zk, dkz
f(*,y,2)
= | flxy,2) (A.14)
f(.,2)

-_(/77]»(]71%71 I:_/f\kx (kx7ky7kz):|

Fiy (ke ky ) |

T Ty T i (ke ky kz)]

o1

— g -1 -1
= Fx Ty T,

—

Each of the elements of the vector-valued function can be
transformed to Fourier space individually and, just as for scalar-
valued functions, can be transformed for every direction
consecutively.

A.1.5. Treatment of 1-D & 2-D Cartesian Coordinates

Fourier transform of 1-D or 2-D Cartesian coordinates can be
understood as a subset of the 3-D Fourier transform. The dot
product in eq. (A.3) for one dimension in x-direction is r-k = xky.
This simplifies the Fourier, eq. (A.4), and inverse Fourier transform,
eq. (A5), to F(ky) = .7«[f(x)] and f(x) = .7 [f(ky)], respectively.
The Fourier and its inverse transform of a scalar quantity result in



R. Stierle et al. / Fluid Phase Equilibria 504 (2020) 112306 13

[ (k) = -7x[f(%)] (A.15)

Fx) =7 [F (ko))

For a vector quantity, the Fourier and its inverse transform yield

(A.16)

f(kx) =7 xlfx(¥)] (A17)

£(x) = 75 [fi, (k)]

2-D Cartesian coordinates are the consequence of disregarding
one dimension from the general 3-D case.

(A.18)

A.2. Cylindrical Coordinates

In cylindrical coordinates, the dot product r-k is calculated as

T COS ¢ ky cosk,
r-k=|rsing |-| krsink,
z k;

with the radial coordinate r and k; in the polar plane, the
azimuthal angle ¢ and kg4, and the axial direction z and k;, in
real and Fourier space, respectively. The identity
Ccos ¢ coskg + sin ¢ sinky = cos(¢ — kg) = cos(ks — ¢) simplifies eq.
(A19) to

(A.19)

r-k = rkrcos¢ + zk, (A.20)
where we chose a k-vector parallel to the ky-axis in Fourier space
which implies ks = 0. With the volume element dr =rd¢ drdz,
and the result of eq. (A.20), the Fourier transform from eq. (A.1) can
be written as

o co 27
?(kr,kz) = J J f(r,2) J e—2mi rkcosp der dre2 7k 4z
z=—00 r=0 #—0

(A.21)

The inverse Fourier transform can be computed analogously,
leading to

oo 0o 27

ira= | [ ek [ @bk dig ke i 2 dk,
ke——o0 k0 ky=0

(A22)

A.2.1. Cylindrical Fourier Transform of Scalar Quantities

We consider cases of rotational symmetry, where the integral in
eq. (A.21) simplifies through integration. With the definition of the
Bessel function of first kind and zeroth order

2w
17 ..
Jo(g):ﬂ J e =% dg
$=0

(A23)

with dummy variable ¢ and the identity Jo( — &) = Jo(£), the Fourier
transform from eq. (A.1) simplifies to

0o

f ke, k) = J 27

Z=—00 r=0

f(r,2)r)o(2nrky) dr e 2™ 7% dz (A.24)

—3

The integration over the r-coordinate can be performed using
the Hankel transform .7, which for order » is defined as

THf(r)] =27 Jf(r)r]V(Zﬂ'rkr) dr (A.25)
0

With the Bessel function of first kind and »-th order J,. Per-
forming the integration over z using the Fourier transform .7, the
Fourier transform of f(r, z) follows as

flke ke) = 7,70l (1,2)] (A.26)

A.2.2. Cylindrical Inverse Fourier Transform of Scalar Quantities

Because the Bessel function of first kind and zeroth order is even
Jo(6&) =Jo(— &), the inverse Fourier transform f(k; k;) can be
computed analogous to the previous section as

f(r,2)=7 75 [f ke, k2)] (A27)

with the inverse Hankel transform 7,! of order » of the
kr-coordinate as

75V [Flke)] =27 J F ke Ve, (277ks ) dlky
0

(A.28)

and the inverse Fourier transform .7 ;1 of the k,-coordinate.

A.2.3. Cylindrical Fourier Transform of Vector Quantities

Analogous to Appendix A.1.3, the Fourier transform of vector
quantities in cylindrical coordinates is performed by splitting the
vector into its different contributions: radial fr, azimuthal fy and
axial f;, with their respective unit vectors, according to

Cos ¢ —sin ¢ 0
e, =|sing |,eg=| cos¢ |.e,=10
0 0 1

These unit vectors are defined in a Cartesian frame of reference,
which allows the Fourier transforms to be treated analogously to
the above regarded case in Cartesian coordinates. The vector
quantity can then be decomposed into three parts, as

(A.29)

f(r.¢.2) = frer + foey + fz€; (A.30)
However, due to rotational symmetry f is only a function of the
radius r and the axial coordinate z, whereas the azimuthal contri-
bution equals zero, fy = 0, leading to

cos ¢ 0
f(r,p,2)=f| sing | +f| O (A.31)
0 1
The Fourier transform of f is then calculated as
R o o 2 /f(r 7)COS @
ke k) — J J J (1. 2)sin ¢
2="00 =0 =0 f2(r,2) (A.32)

Xe—Zﬂ'i rk, cos ¢ dqo rdr e—2ﬂ'i zk, dz

With the definition of Bessel's first integral of order » for Bessel
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functions of first kind

2T
1 .

3@ =5y | €7 cosg) do (A33)

$=0
eq. (A.32) simplifies to

~ T ® [ —ife(r,2)]; 2nrks)

fke k;) — 2 0
ZJm o\ B 20@ark) (A34)

xr dre 2™z gz

after utilization of Jo(—§) = Jo(§) and J;(— &) = — J;(€). Finally,
the Hankel transform, eq. (A.25), and the Fourier transform can be
exploited, leading to

° (7/1[—ifr(r,z>1> .
0 e—Zmzkl dz

o\ Zolflr.2)]
(%;/1 [—ifi(r,2)] )
0

727/0 [fZ(rv Z)]

(k. k)

(A35)

A.24. Cylindrical Inverse Fourier Transform of Vector Quantities

Treatment of the inverse transform of a vector quantity is
analogous to the treatment laid out in the previous section, i.e. with
the unit vectors in cylindrical coordinates in Fourier space

cosk —sink, 0
e, = | sink, |.e, = | cosks; |.e, = |0
0 0 1

The vector-valued function f can be represented according to

(A36)

f(kr, kg, kz) = Fiex, +Fr.ex, +Frex, (A.37)

Due to rotational symmetry fis only a function of the radius k;
and the axial coordinate k; (the azimuthal contribution equals zero,
fx, = 0), this leads to

R [ cosky (0
f(kr, kg, kz) = f, | sinky | +fr, | O
0 1

(A38)

Applying the inverse Fourier transform yields

o o 27 fkr(kr,kz)cosk(p
f k,.£’<r7 kz)sink,, (A.39)
ks =—o0 ky=0 k, =0 fie, (kr, kz)

><e27ri rk.cosk, qu) kr dkrEZﬂi zk, dkz

f(r,z) =

With the definition of Bessel's first integral of order » for Bessel
functions of first kind and zeroth ], and first order J;.

27
]V(g):Z;iV J el “costks) cos(vk,) dkyg (A40)
k,=0
eq. (A.39) simplifies to
- T , % (ifkr(kr,kz)]l(mrrkr))
r,z) = T 0
’ = A4l
e kro \ ke ke)Jo(2nrke) (Ad1)

xky dky €2 2 dk,

Finally, the Hankel transform, eq. (A.25), and the inverse Fourier
transform can be exploited, leading to

w [ 77 [ifx (ke k2)]
0 e27ri zk, dkz

o' [f (ke k2)]

f(r,z)

kzzfoo

(A42)
F 7T i fiy (ke ko)
0

T2 [fi, (ke k2)]

Note the different sign in the radial component compared to eq.
(A.35), this is due to J; being an odd function.

A.2.5. Treatment of 1-D Cylindrical Coordinates

Fourier transform of one dimension in cylindrical coordinates
can be understood as a subset of the two dimensional Fourier
transform in cylindrical coordinates. The dot product in eq. (A.20)
simplifies for one dimension to r-k = rkrcos¢. This simplifies the
Fourier, eq. (A.21), and inverse Fourier transform, eq. (A.22). The
Fourier and its inverse transform of a scalar quantity result in

Fike)=7olf ()] (A43)

fry=7g"[f (k)]

For a vector quantity, the Fourier and its inverse transform yield

(A44)

f(ky)=71]—1f(1)] (A45)
f(r)=77"[i fr, (ke)] (A.46)
A.3. Spherical Coordinates
For spherical coordinates, r-k can be written as
I COS ¢ sin ¥ kr cosky sink,
r-k=| rsingsinv |-| ks sinkg sinky (A47)
r cos ¥ ky cosky

with radial coordinate r and k,, azimuthal angle ¢ and kg4, and
polar angle 9 and ky, in real and Fourier space, respectively. We
limit consideration to cases of rotational symmetry. Spherical
symmetry can be exploited utilizing the identity
cosvcosky + sindsinky = cos(¥ —ky) = cos(ky —9) and choosing a
k-vector parallel to the k,-axis in Fourier space with k = (0,0,k) "
which implies ky = 0. This simplifies the dot product r-k in eq.
(A.47) to

r-k=rk; cosd (A.48)

With the volume element dr = r2sing d¢ dv dr, and the result
of eq. (A.48), the Fourier transform, eq. (A.1), is calculated according
to

o T 27
Fkr) = J J J f(rye—2m kst 2sing dg dv dr
r20 920 $=0

(A.49)

The inverse Fourier transform can be computed analogously, as
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) T 27

f(r) = T (ky)e2m kicosks k2sink, dky dky dky
k=0 ky=0 k,=0

(A.50)

A.3.1. Spherical Fourier Transform of Scalar Quantities

Due to spherical symmetry, the integral in eq. (A.49) simplifies
through integration. Integration over ¢ yields jg“ d¢ =2m. Via
substitution we can integrate over ¢ with u = cosd and du = —
siny dv, leading to

o -1
fky) =-2m J J f(rye=2mkur2 dy dr
r=ou=t (A51)
* e27ri rk, e—27ri rk, )
- fm) irky redr
r=0
Using Euler's formula yields
- 2 T . 2
f(kr):F Jf(r)rsm(Zwrkr) drEF.YJ/l/ [f(n)r] (A.52)
T T

r=0

with the definition of the sine transform ..7.7". The Fourier
transform for spherically symmetric systems simplifies to the sine
transform.

A.3.2. Spherical Inverse Fourier Transform of Scalar Quantities
Treatment of the inverse transform, eq. (A.50), is analogous to
the treatment laid out in the previous section, i.e.

oo

J f(kr)krsin(27rrkr) dl(r5%<717./7'[ (kr)kr]
k=0

fin= (A53)

=N

with the self-inverse sine transform .77 7"

A.3.3. Spherical Fourier Transform of Vector Quantities

Analogous to Appendices A.1.3 and A.2.3, the Fourier transform
of vector quantities in spherical coordinates is performed by
separating the vector into different contributions: radial f;, polar f;,
and azimuthal fy, with their respective unit vectors, according to

COS ¢ sin ¥ COS ¢ cos ¥ —sin ¢
e = | singsiny |,ey=| singcosv |,e,=| cos¢
cos ¥ —sin ¥ 0
(A.54)

f(r, 0, ¢) = frer + fres + fpe4 (A.55)

However, due to spherical symmetry f is only a function of the
radius r = |r|. Therefore, both other contributions equal zero,
fo =0 =f4, leading to

Cos ¢ sin ¥
f(r,9,¢) =f-| sin ¢ sin ¥ (A.56)

cos ¢

The Fourier transform of f then yields

N T ™2 (fr(r)cos ¢ sin ¢ )
f(kr) = fr(r)sin ¢ sin ¥
r=0 9=0 ¢=0 fr(r)cos ¥ (A57)

x @2 1kicosV 1.2 gin 9 dg do dr

Performing the integration over ¢ leads to vanishing contribu-
tions for the first and second vector entry due to | ;lo cos(¢) dgp =0
and .['ilosin(zp) d¢ = 0. As a result, we only regard the z-direction,
leading to

0o g 0
f(ky) = J J fr(r) 0 e—2mi ke €05 Vr2giny dy dr
2w cos v

r=0 9=0
(A.58)
With (0,0, 2mcos(¢)) T = 2mcos(¥)ez, eq. (A.58) yields
e ™
fk,)=e, J J fr(r)2m cos ¢ e 2™ Tkc0sV 2 gin 9 dy dr
r=0 9=0
(A.59)

Integration over ¢ is carried out using the substitution u = cos®
and du = —siny dv followed by partial integration, leading to

o -1
flk,) = —e, J J fr(r)2mue—2m ktr2 dy dr
r=0u=1
0 27 rk, —2mi rk, —2mirk, _ L2mirk,
- _e, Jfr(r) ¢ +e 48 . ez r2dr
irky 2 (i rky)
r=0
(A.60)
Using Euler's formula gives
= 2
fky) = e J fr(r)rcos(2nrk;) dr
r r=0
(A.61)
fezl—z Jfr(r)sin(27rrkr) dr
ks 2

Due to alignment of vector k in Fourier space with e,, implying
e; = e, Wwe obtain a combination of sine (”.7.#") and cosine
transform ( ##.¥’), according to

klr CE T fo(r)r] — ekr#</</./¢ [ (r)]

r

f(l<r) =€

(A.62)

A.3.4. Spherical Inverse Fourier Transform of Vector Quantities

Treatment of the inverse transform of a vector quantity is similar
to the treatment in the previous section, i.e. with the unit vectors in
spherical coordinates in Fourier space

cosk, sinky cosk, cosky —sinky

e, = | sink, sinky |,ey, = | sinky cosky |,e,, = | cosk,
cosky —sinky 0

(A.63)

the vector-valued function f can be represented according to

f(kr ko, ky) = fk, €y, + fkﬁ e, + fk¢ €, (A.64)
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Due to spherical symmetry fis only a function of the radius k, =
|k|. Therefore, all other contributions besides the radial one equal
zero, leading to

R cosky sinky
f(kr, ks, k¢) :fk, Sil’lkd, sinky (A.65)
cosky
Applying the inverse Fourier transform yields
o x o fkr(kr)coskq, sinky
fry = f1. (kr)sink, sink
(1) fr, (kr)sink, sink, (A66)

k=0 ky=0 k,=0 fkr (kr)cosks

xe2m tkicosk 2 sink, dk,, dky dk;

Performing the integration over kg leads to vanishing contri-
butions for the first and second vector entry due to
fliﬂ:o cosk, dk, =0 and [2", sink, dks = 0. As a result, we only
regard the z-direction, lea(fing to

f(r)= T Tfk,(’w)( 0

) e2mi ke cosks 2 sinje, diey dky

k20 k,—0 2w cosky
(A.67)
With (0,0, 2mcosky) T = 2mcoskyey , eq. (A.67) yields
oc? ™
f(r)=ey, J [ i, (k)2 coskye?™ ™ecosks k2 sink, dky dkr
k=0 k, =0
(A.68)

Integration over ky is carried out using the substitution u =
cosky and du = —sinky d9 followed by partial integration, leading
to

o -1
J i, (kr)2mue?™ U2 du dk,

k=0 u=1

B oo R L e727ri Tk, + e27ri Tk, e—27ri rk, e27ri Tk, k2 d
- ek fk,( T) s + . 2 T <T
: irky 27 (i rky)

f(r) = —ey,

k;:O
(A.69)

Using Euler's formula yields
[se]

ekzﬁ J fkr(kr)sin(27rrkr) dky
k=0

fr) =

(A.70)

(&)
2i -~
—e,— J fi, (ke)kr cos(2mrky) dky
k=0
Due to alignment of the vector r in Fourier space with ey,

implying er = e, we obtain a combination of sine and cosine
transform, according to

2i
r

i T o [T
Note that the forward Fourier transform, eq. (A.62), differs

slightly from the inverse transform, eq. (A.71).

Appendix B. Computation of First Order Hankel Transform
with Algorithm for Zeroth Order

In the following, we derive a way to compute the Hankel
transform of first order with algorithms solving the Hankel trans-
form of zeroth order. The Hankel transform of first order is defined
as

I If(r] =27 J F(P); (2rrke)r dr
r=0

(B.1)

with the Bessel function of first kind and first order J;. Exploiting
J1(r) = = Jo(r), with the derivative with respect to r of the Bessel
function of first kind and zeroth order J; and the coordinate
transform r = ;% — dr = %, leads to

273—k% Tf(ﬁ)h'(x)x dx

7] = - (B.2)

Integration by parts with vanishing integration bounds

{f(ﬁ)]o(x)x} h = 0 leaves us with
r 0

27:1& XT (Z;krf , (2:1<,) +f (%kr) )Jo(x) dx

=0

Z1[f ()]

1 T(f(—rr)—kf’(r))]o(Zﬂrkr)rdr

kr
r=0

— a0 )

(B.3)

where the prime (') denotes the derivative with respect to r. Instead
of computing the discrete Hankel transform on a logarithmic grid
as was done by Botan et al. [18] or Hamilton [60], we follow the
approach of Hansen [52—54] and compute the Hankel transform on
an equidistant grid by a combination of the fast Abel and fast
Fourier transform. The algorithm used for the fast Abel transform is
described below.

Appsendix C. Computation of the Abel and inverse Abel
Transform

The algorithm for the Abel transform is taken from Hansen [53]
and Hansen and Law [54]. The recursive scheme computes the Abel
and inverse Abel transform on an equidistant grid with N grid
points, using the parameters given in Table C.1. We define the grid
in radial direction as depicted in Fig. 2.

The algorithm described in eq. (C.1) computes the forward and
inverse Abel transform using a low order state-space model
(dimension K = 9). The input of the linear system is the first-order
hold approximation of the discrete function f; to be transformed,
leading to

Xn_1=PnXn + BO,nfn + By afn-1 (C.1a)
Fn=Cxp (C.1b)
xy=0 (C.1c)
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=i ()" ()} c1a
C=[1,-,1] (C.1e)
Bon = [M1Bon(A1), -+ hxBon(A)] ' (c1f
Bin = [MB1a(h), - hiBra(u)] T (C1g)

with the grid point index n, the grid dependent states of the
state-space model X;, the grid dependent state transition matrix
®,, the grid dependent input vectors By, and By, the discrete
(inverse) Abel transform F;, the output vector of the state-space
representation of the linear system C, the radial grid points ry, as
well as the model parameters from Hansen [52,54], 4, and h; (see
Table C.1). The recursion is started at the outermost grid point ry
with xy = 0 and is continued inwards toward the center of the
radial grid. This method cannot be used if r,,_; = 0. For the forward
transform one uses ﬁg‘n and 627,1, obtained from

Ae+1
()
T'n-1

Mot + (A +1) =11 (A +2)

21,
Fonlh) =22 Ui+ Dk +2)
(C.2a)
A1
yr, y (1ot 1=+ 20+ 1 ()
B =1 =0 Gt D+ 2)
(C.2b)

For the inverse transform one uses 68‘,, and ﬁll”n, according to

1 T,
*771_(1‘ r ) In (T' n ) Ak =0
b n—in-1 n-1
B8k = 1 . (C3a)
1;
7(17( ) ) Je#0
TA(Tn — Th_1) Tn-1
b )= — 8502 C3b
ﬂl.n( k)* _ﬁO,n( k) ( . )
Table C.1
Parameters for Abel transform [52].
k hy/mw Ak
1 0.318 0
2 0.19 -2.1
3 0.35 -6.2
4 0.82 224
5 1.8 —92.5
6 3.9 —414.5
7 83 —1889.4
8 19.6 —8990.9
9 48.3 —47391.1

Appendix D. Discrete Sine- & Cosine Transforms

In this work in sections 4.2.2 and 4.3.2 we used the discrete
versions of the sine and cosine transforms. Both transforms trans-
form between a finite series of equally-spaced samples j=

0,---,(N—1) of a function f; in real space, and a series of equal
length and equally-spaced samples k=0,--,(N—1) in Fourier
space f. The index j denotes the discrete grid points in real space,
while k denotes the grid points in Fourier space.

The discrete sine transforms .. and &
function f are defined by

A///" = ijsm{ ( %)(k*jtl)}

with k* =

ST of the

(D.1a)
»(N=1)

fj’/(/;"/"m _ (*zl)ij - ka*sm{ (k*+1) (J+%)} (D.1b)

k=0

withj=0,---,(N-1)
with the number of discrete grid points N, where the iteration
variable k* does not represent the true Fourier variable k, which for
the discrete sine transforms is obtained from k = k* + 1.

The .77y assumes the function f; to be odd around j = (—%)

andj = <N —%) (equivalent tor = 0 and r = Ly in Fig. 3). However,

the .. implies the function fk* to be odd around k* = (—1)
and even around k* = (N-1) (equivalent to k=0 and k=N
respectively) Both discrete sine transforms are scaled with the
factor n = \/_N‘ allowing usage of the two transforms as direct in-
verses of each other: 7.7 71 = 9.7 m-

The discrete cosine transforms & #.7 and
defined by

D¢ T are

7”7”72_1;&5{ ('—i—%)k} (D.2a)
with k=0, (N~ 1)
//[,[,2f0+2f,<cos{ (1+1)} (D.2b)

withj=0,---,(N-1)
The & .77 assumes the function f; to be even around j = (f%>

andj = (N —%) (equivalent tor = 0 and r = Ly in Fig. 3). However,

the & #.7; implies the function fk to be even around k = 0 and
odd around k = N. Both discrete cosine transforms are scaled with

the factor n = \/L_ allowing usage of the two transforms as direct

inverses of each other: & #.97 7 €T .

Appendix E. Reducing Gibbs Phenomenon via the Lanczos o-
factor

Fourier transform algorithms applied to very sharp density
profiles or non-periodic boundary conditions, as used for Cartesian
coordinates in section 4.1.1, can cause ringing artifacts at profile
discontinuities (Gibbs phenomenon). These artifacts can be
reduced by multiplication of the Fourier space representation of the
function with the Lanczos o-factor [61].
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inmrk
(k) = sinc’M‘:S“‘# (E.1)

s

|

with the Fourier variable k, and where M denotes the number of k-
values in the dimension of interest (k =0,---,M — 1). For the FFT
with an even number of grid points we get M = ¥ + 1, with N as the
number of grid points (see eqs. (54) and (55)). For fast sine & cosine
transforms M = (N+1) and M = N hold, respectively (see egs. (75)
and (76)).

The procedure can easily be implemented by multiplying the
weight functions with the g-factor. For multidimensional Fourier
transforms, the o-factor has to be multiplied for every dimension
separately. For example, for 3-D Cartesian, 2-D cylindrical and 1-D
spherical coordinates the Lanczos g-factor is computed as

07 (K) = 0; (kx, ky, kz) ox (kx)ay (ky) o2 (kz) (E.2a)
o (k) = 0;(kz, kr)az(kz)or (kr) (E.2b)
o7 (k) = 0;(kr)or (kr) (E.2c)

For increased smoothing, the weight function can be multiplied
with the o-factor multiple times.

For Cartesian coordinates, robustness of the FFT can further be
increased by enforcing periodic boundary conditions via an addi-
tional domain, with respect to the ones displayed in Fig. 1, using a
smooth transition function (for example the hyperbolic tangent).
The sine and cosine transform inherently possess this property.
Enforcing periodic boundary conditions is only relevant if no
Lanczos o-factor is used.

Appendix F. Comparison of Convolution Results in different
Coordinate Systems

Computation of the convolution integrals discussed in section 3
depends on the underlying coordinate system. Fig. F.7 presents
results of three convolutions of density profile p with different
weight functions from FMT [57], obtaining weighted densities ng,
n3 and ny4, for Cartesian, cylindrical and spherical coordinates. The
remaining weighted densities (ny, n, and ny,) differ from the
considered ones only by a constant, and are thus not shown here.

For r— oo the convolution results are not dependent on the
underlying coordinate system. Only for small systems, such as the
system depicted here, deviations occur. The weighted densities in
the region from 0 A to 1 A and 2 A to 3 A are equivalent for the three
coordinate systems, while differences are revealed between 1A to
2 A in the influence length R = 0.5 A of the weight function around
the density jump at r = 1.5 A. Between 1A and 2 A, the scalar-
valued weighted densities are smaller for cylindrical, and smallest
for spherical coordinates, compared to Cartesian coordinates. The
maximum of the vector-valued weighted densities lies directly on
the density step for Cartesian coordinates, while for cylindrical and
spherical coordinate systems the maximum is shifted towards
smaller radii.

Ng /A_3

r/A

Fig. F.7. Comparison of one-dimensional convolutions in Cartesian, cylindrical and
spherical coordinates presenting weighted densities ng, n3 and ny; for a hard-sphere
fluid with radius R = 0.5 A modeled with FMT [57]. The density profile is given as a
Heaviside step function p(r) = 20(1.5A — r) A3,

Appendix G. Supplementary data

Supplementary data to this article can be found online at
https://doi.org/10.1016/j.fluid.2019.112306.
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