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The Chapman-Enskog solutions of the Boltzmann equations provide a basis for the computation of
important transport coefficients for both simple gases and gas mixtures. These coefficients include the
viscosity, the thermal conductivity, and the diffusion coefficient. In a preceding paper on simple gases,
we have shown that the use of higher-order Sonine polynomial expansions enables one to obtain results
of arbitrary precision that are free of numerical error. In two subsequent papers, we have extended our
original simple gas work to encompass binary gas mixture computations of the viscosity, thermal
conductivity, diffusion, and thermal diffusion coefficients to high-order. In all of this previous work we
retained the full dependence of our solutions on the molecular masses, the molecular sizes, the mole
fractions, and the intermolecular potential model via the omega integrals up to the final point of solution
via matrix inversion. The elements of the matrices to be inverted are, in each case, determined by
appropriate combinations of bracket integrals which contain, in general form, all of the various
dependencies. Since accurate, explicit, general expressions for bracket integrals are not available in the
literature beyond order 3, and since such general expressions are necessary for any extensive program of
computations of the transport coefficients involving Sonine polynomial expansions to higher orders, we
have investigated alternative methods of constructing appropriately general bracket integral expressions
that do not rely on the term-by-term, expansion and pattern matching techniques that we developed for
our previous work. It is our purpose in this paper to report the results of our efforts to obtain useful,
alternative, general expressions for the bracket integrals associated with the diffusion- and thermal
conductivity-related Chapman-Enskog solutions for gas mixtures. Specifically, we have obtained such
expressions in summational form that are conducive to use in high-order transport coefficient compu-
tations for arbitrary gas mixtures and have computed and reported explicit expressions for all of the
orders up to 5.
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1. Introduction

The Chapman-Enskog solutions of the Boltzmann equations
provide a basis for the computation of important transport
coefficients for both simple gases and gas mixtures [1-15]. The
use of Sonine polynomial expansions for the Chapman-Enskog
solutions was first suggested by Burnett [16] and has become the
general method for obtaining the transport coefficients due to
the relatively rapid convergence of this series [1-8,16]. While it
has been found that relatively, low-order expansions (of order 4)
can provide reasonable accuracy in computations of the transport
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coefficients (to about 1 part in 1000), most existing computer
codes do not use these solutions beyond order 2 or order 3 as the
relevant expressions rapidly become increasingly complex and
have not been available as general, explicit expressions in terms
of arbitrary potential model (via the omega integrals) in the past.
Recently, our investigations of simple gases and gas mixtures
[17-20] have allowed us to pursue Chapman-Enskog solutions to
relatively high orders computationally using Mathematica® and,
thus, accurate, completely general, expressions have been
obtained and used by us up to order 60 for the viscosity-related
bracket integrals and up to order 70 for the diffusion- and
thermal conductivity-related bracket integrals. We note that our
initial work focused on the generation of the necessary bracket
integral expressions via a method suggested in Chapman and
Cowling [1] that is best described as a term-by-term, expansion
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and pattern matching technique. Since this method is relatively
expensive in a computational sense due to the size of the higher-
order bracket integral expressions, and since the size and
complexity of the general expressions for the bracket integrals for
gas mixtures makes them impractical to report explicitly in the
open literature beyond the lowest orders even when organized
into compact form, it is clearly desirable to have an alternative
means of generation for the needed general bracket integral
expressions that is both more compact and less cumbersome to
implement as increasingly higher orders of approximation are
employed in computations of the transport coefficients. Thus, in
this paper, we report on the results of our efforts to develop a set
of completely general expressions for the bracket integrals
necessary to obtain Chapman-Enskog diffusion and thermal
conductivity solutions up to any arbitrary order and which we
have been able to present as compact summational representa-
tions that are straightforward to implement efficiently in a variety
of different computational environments. In the following
sections we describe the basic relationships relevant to the
Chapman-Enskog solutions for diffusion and thermal conduc-
tivity, the role of the bracket integrals in these solutions, the
details of our derivation of alternative, summational, expressions
for the diffusion- and thermal conductivity-related bracket inte-
grals, and explicit, precomputed expressions for the bracket
integrals up to order 5 for use in existing computer codes where
such are needed but have not previously been available beyond
order 2 or order 3.

2. The basic relationships

Following the work and notations of Chapman and Cowling [1],
as used in our previous work [19], we note that for binary gas
mixtures the diffusion, the thermal diffusion, and the thermal
conductivity coefficients may be expressed to some order of
approximation, m, in terms of Sonine polynomial expansions as:

1 2kT\/?
[Di2lm= 5 X1%2 (m_o) dym, (1)

5 2kT\/? _ _
[Drlm= 3 X1%2 (m70> (X1M1 ”zdﬁ’") + XM, UZd(,n;)), (2)

1/2
Ny = f% kn (%T) (xlm;”zag’") + xzmgl/zaﬂ?), 3)
respectively, where x;=nq/n and x;=ny/n are the component
mixture fractions, ny and ny are the component number densities
with n=ny + ny being the total number density of the mixture, m;
and m; are the component molecular masses with mg =my +my, k
is Boltzmann'’s constant, T is the temperature, M1 = my/mg, My = my/
mg, and in which the quantities d§™, d™, d{™, o™, and a{™ are
expansion coefficients determined by solving the following systems
of algebraic equations:

+m

Z dpapg = 0g, (4)
p=—m

+m

> appg = ag (q#0), (5)
p=-m
p#0

in which:

3 (2kT\/?
0o :ﬁ(m—o) , 0g =0 (q=#0), (6)
_ _15m2akT\Z 15 (2kT\/ o
1T \my) 0 T Tawe\m )
and:
ag =0 (q#=1). (8)

We note that we have dropped the superscript (m) on the expansion
coefficients dy™ and a{™ as is done in Chapman and Cowling. In
matrix notation, these systems of equations may be written as:

Dd =6 and Aa = a, 9)

where one has:

a_m-m d-m—1 A-mo Qd-m a_mm
ad_1-m ad_1-1 410 d-1m1 a_1m
D= | apnm o1 Qoo dot aom |, (10)
a1—m a1 aqo an aim
am-m am-1 amo  am amm
[d_m 0
d 4 0
d=|dy |, and 8= |dg ]|, (11)
d 0
L dm 0
and:
(@ -m-m d_m-1 4-m a_mm
a_q_ aq.1 a_ a_
A— 1-m 1-1 11 m | (12)
a1-m a1 an a1m
L Am-m am-—1 am1 amm
a_m 0
a_ o
a-= Tl, and o = , (13)
a a1
am 0

for the diffusion and thermal conductivity problems, respec-
tively, and where, as the order of the expansion, m, increases in
each case, the matrices build outward from their centers in the
manner indicated. Thus, to obtain the needed expansion coeffi-
cients, dg™, d, d{™, o™ and a{™, and hence the diffusion,
thermal diffusion, and thermal conductivity coefficients for
a given order of the expansions, one need only generate the
[(2m+1)x(2m+1)] and [(2m) x (2m)] matrices of Eqgs. (10) and
(12) and invert them.

The matrix elements, a,gq, in Egs. (10) and (12) are constructed
from combinations of bracket integrals containing the appro-
priate Sonine polynomials from the expansions used. Specifically,
since it is straightforward to show for any (p, q) that apq = agp, one
has that:
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pg = Agp :Xﬂ 3/2( D61, 5547 )(gl}

+x1% ST, ()61, S (661, (14)
Gp-gq = a_gp = 1% [T (63)61.55,(63)6,] . (15)
d-pg = Og-p = X1X2 [5(31;)2((5%)‘52,5(3?2((5%)%1]2]7 (16)
Apg=0qp =% [5232(‘5%)‘627553)2(%%)‘52}2
+x1% ST (63)62, 5, (63)6,] . ()
where:
(m +n (n p (m+n)! p
0= Z Z(pw n—p)lmep)
:i I'(m+n+1) P (18)
F(p+1)F(n p+1)F(m+p+1) ’

(with S@(x)=1 and S{(x)=m+1—x) are numerical multiples
(un-normalized) of the Sonine polynomials originally used in the
Kinetic Theory of Gases by Burnett [16], in which %;= (m;/2kT)!/2C;
are dimensionless, pre-collision, peculiar molecular velocities,
Ci=c;—¢cg are the dimensional, pre-collision, peculiar molecular
velocities, ¢; are the pre-collision molecular velocities, and
o = M1x1€1 + Max,c, is the mean mass velocity of the mixture.
Here, one needs to be aware that the notation (m+ n)(;_p) used by
Chapman and Cowling in Eq. (18) is not the standard Pochhammer
notation employed later in this work although it is related to it.
From the definitions used in the bracket integral notation, it follows
that Egs. (17) and (16) are essentially identical to Egs. (14) and (15),
respectively, with the only difference being the interchange of the
subscripts 1 and 2 representing the different components of the
mixture. Thus, in general, the complete Chapman-Enskog solutions
for both diffusion and thermal conductivity for binary gas mixtures
require the evaluation of only three types of bracket integrals:

BRGNS (19)
[SPL@)61.55,63)%] . (20)
and:

BAGER AN (21)

Here, however, we note an observation made in our previous work
[19] that, of the three required bracket integrals shown in Egs. (19)-
(21), the application of some simple combinatorial rules allows one
to generate expressions for the bracket integrals of Eqs. (19) and
(20) from an appropriate expression for the bracket integral of Eq.
(21) if such is known. Thus, it is the derivation of such an expression
for the bracket integral of Eq. (21) which could be said to be the
most important goal of this paper. However, in terms of complexity,
we have found it convenient to first pursue independently the
derivation of an expression for the bracket integral of Eq. (20) before
attempting the corresponding derivation for the bracket integral of
Eq. (21). Both of these derivations are detailed below and the
similarities between them are obvious. Our use of the resulting
expressions for the bracket integrals of Eqs. (20) and (21) to

generate a similar expression for the bracket integral of Eq. (19)
according to the appropriate combinatorial rule is a relatively minor
exercise which is presented at the end of this paper. While all of the
above expressions for binary gas mixtures are readily generalized
for use with arbitrary mixtures by replacing the (1, 2) indexing
scheme associated specifically with binary mixtures to a more
general (i, j) indexing scheme, in what follows we retain the (1, 2)
indexing scheme initially used by Chapman and Cowling as it
improves (in our opinion) the clarity of the derivations. Of great
importance in this work is the requirement that we have placed on
our results that they continue to exhibit the full set of general
dependencies of the bracket integrals on the molecular masses and
the omega integrals, QY(r), that we have retained in our previous
recent work [17-20] and which is the most significant factor
contributing to the utility of this recent body of work. The omega
integrals are defined as:

’ KT 1/2
Q(1[2)(r)5 (W) /eXP(—EZ)H(er ¢ (ﬂ)d% (22)
0

with:

¢\ (5)5277/ [1 - cos’(x)]b db, (23)
0

and contain all of the dependencies relating to the specific intermo-
lecular potential model that is employed. Here, y is the angle between
the pre-collision (g = ¢, —¢;) and post collision (g’ = ¢, —¢})
relative velocities and is a function of the impact parameter, b, and the
dimensionless pre-collision, relative velocity of the two colliding
molecules, g = (m0M1M2/2kT)1/2g. As abriefaside, we note here that it
is often considered convenient to define the omega integrals in terms
of a simple scaling factor, 715 = %,—(01 + 03), which is, in the most
general of terms, only a convenient, arbitrarily chosen length within
some range where the impact parameter is significant. Expressed in
this manner, the omega integrals are then [1]:

1/2
00 = 57 (vt WO (24)
where:
Wiy (=2 / eXD(—52)5<2”3 )
0
x [[1 - cos' 0] b/o12)d(b/o12)dg (25)

0

Note that when only one species is present, Eqs. (24) and (25)
reduce to the following simple gas expressions:

90 = (T “wi ), (26)
with:
Oy = /oc 42r3)
0
27)

x / [1— cos! (x)] (b/a1)d(b/o1)dy.
0

In Egs. (24)-(27), o1 is an arbitrary scale length associated with
collisions between like molecules of type 1 while 713 is associated
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with collisions between unlike molecules of types 1 and 2. These
scale lengths are commonly associated with some concept of the
molecular diameters depending upon the specific details of the
intermolecular potential model that is employed.

3. Derivation of summational representations for the
bracket integrals

We begin our derivations at the point in Chapman and Cowling [1]
where the evaluation of the six integrations in the bracket integrals
that are unrelated to the intermolecular interaction model being
employed are first considered. We note that Chapman and Cowling
make use of the following relationships for the Sonine polynomials:

S\ (m+1)
(}) exp(—xS)

=(1—s5)™ Dexp(—xs/(1—s)) isnsﬁ,?)(x) (28)
n=0
and:
T\ (m+1)
<?) exp(—xT)
(- Vexp(—xt/(1-0) = S eSP X, (29)

n=0

where S=5s/(1 —s) and T=t/(1 —t), to express the bracket in terms
of the coefficients of expansions in the arbitrarily introduced vari-
ables, s and t. Thus, it is possible after following Chapman and
Cowling to obtain the following expressions for the bracket inte-
grals of Egs. (20) and (21), respectively:

[Sm (€3)%1, 3) ((62)(62] = coeff[sPt9] in

/2
ST 5/2
( ) w2 [[ [ #12(0) ~ izl db de . (30)
and:
[sg% (€3)%1,55), ((g%)%] , = Coeff[sPt4] in
ST 5/2
( ) w2 [[ [ #1(0) ~ Hiolgb db de . (31)

Note that the retention of a single g in Egs. (30) and (31) (as opposed
to g4) is not a typographical error but, rather, is the exact notation
used by Chapman and Cowling. Then, one can express the
x-dependent portions of the RHS bracketed integrals of Egs. (30)
and (31) as

STY/? ~1/2_-3/2 2
(50) ) a3 00 = exp(-57) 3 S (2MiMast
r n

% [1— cos(x)]}" ( )(Mzs+M1t) {m+ st ()

+[1 = cos(0l?S\s 5 (%) } (32)

and:
(%)5/277*3/2% (X) = exp (—g2> Z;{stw% +M3
+2M; Mycos(y)] }r (5;) (My(s+1)

~(Ma=Myst) {My 1S (o7)

+HMy+Macos(Ol?SYs 5 ()} (33)

which are Eqgs. (9.32, 5) and (9.4, 12), respectively, in Chapman and
Cowling. In both of these cases, the coefficient of [sPt?] yields
a polynomial in powers of 42 and cos(y) that is multiplied by
exp(—g2) and in which each term is some function of the molecular
masses via My and M,. The x-independent portions of the RHS
bracketed integrals of Egs. (30) and (31) are obtained by the simple
expedient of setting x =0 in Egs. (32) and (33) which then yields
overall terms in the combined polynomials involving [1 — cos‘(y)].
Thus, after completion of the six integrations not related to the
intermolecular potential model, including the integrations over ¢
and the directions of g, it is possible to express the bracket integrals
of Egs. (30) and (31) as:

, ey
[SE, 6361556316, ] 8w 2MP IMIY [ [exp(~?)
x> Apgre g7 [1-cos’ (x)] gbdbdy

T/

1 1 4
=8MP IMITDS " Apgr @ (), (34)

r.l

and:

ST, (©3)61,550, (%)%,

—8#1/2//exp —g

Z sz 1—cos'(x)]gbdbdg

_SEAP‘-W

where the omega integrals have been defined in Egs. (22) and (23).
Here, we note that our initial work followed the prescription
implied by Chapman and Cowling [1] for determination of the
coefficients, Apgre and Apgre. According to Chapman and Cowling:

(35)

“Explicit expressions for [Apgr, and Apgr] can be obtained from
[Egs. (32) and (33)] using [Eq. (18)] for st (x). In view of the
complication of these expressions it is, however, better in prac-
tice to calculate any desired values of [Apgy and Apgr] directly
from [Egs. (32) and (33)].”

The prescription implied by this statement is that one should
expand Egs. (32) and (33) directly in powers of s and t using the
binomial theorem, collect terms containing identical powers of
[sPt9] to identify the omega integrals that are present, and then
consolidate the coefficients of each to create the needed expressions
for each of the (p, q) bracket integrals and their associated apq matrix
elements. In general, this process works fine for lower-order
expansions; particularly where one is required to do the algebra by
hand, and is readily accomplished to much higher orders of
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expansion by using Mathematica® to do the necessary algebra and
pattern matching. However, at sufficiently high an order, the
computational overhead associated with performing these opera-
tions on extremely large and complex expressions causes the
process to become very inefficient in terms of the time required to
determine the matrix elements. Thus, we return to the above quote
by Chapman and Cowling and consider the alternative prescription
that they have indicated which would be expected to yield general
expressions for the bracket integrals much more conducive to effi-
cient computations; particularly in computational environments
employing more traditional languages and programming structures
(such as FORTRAN or C++).

We return now to Egs. (30) and (31). As we have pointed out, it is
technically only necessary to actually derive an alternative expres-
sion for the coefficients Ajqr, in Eq. (35) as the coefficients Apgr, in Eq.
(34) can then be determined from the Aq, expression thus derived.
In practice, however, an expression for Apq is easier to derive due to
its less complex dependence on the molecular masses. Therefore,
Apgre is addressed first followed by Apg. With both of these coeffi-
cients determined, the bracket integrals of Eqs. (20) and (21) are fully
specified in the most general possible terms and may be combined in
the appropriate manner to yield the most general possible expres-
sion for the simple gas bracket integral of Eq. (19). Then, with all three
of the bracket integrals of Eqgs. (19) and (21) thus specified, general
expressions for the ap; matrix elements may be constructed
according to Egs. (14)-(17) if one wishes. At this point, evaluation of
the general matrix elements for specific values of the parameters and
inversion of the coefficient matrices to obtain the expansion coeffi-
cients dg™, d, di™, o™, and a{™ is an extremely rapid process
provided that values of the necessary omega integrals exist in pre-
computed form to the necessary degree of precision for the specific
intermolecular potential model being employed.

4. Derivation of a summational representation for the Hy
bracket integral

First, consider the bracket integral type:

[5(3[72(‘6%)(51 ; 5(3(]/)2((5%)(62} 12 -

which we refer to here as the Hyy bracket integral. Following Eq.
(30), this may be determined by specifying the coefficient of [sPt?] in
the expansion of Eq. (32). As a first step one may rewrite Eq. (32) in
the following slightly more convenient form:

(g)s/ 3 Hy 00 = (VM) exp (g @é (Vi My )'s'e
X%‘[l —cos(x)]! (f)l(MstVh 0"
X{(”“)Srﬁ/g( 2)

+[1- C05(X)]£251+3/2 (32) }

Now, one consolidates the Sonine polynomials using the definition
of Eq. (18) which can be expressed as:

(37)

(—x)P (2n+2z+2)! (p+z+1)!

DI
Sz1/2(%) —g(p)g(n_p)m(nfp) @p+2z+2) iz 8

where we note that we have used the following property of the
Gamma function:

1 (2n)! 1
F(n+§> = ()] T(§)A (39)
From Eq. (38), one may obtain:
(n+1) ne 2\
(1) ( 2\ _ (=D)"(g*)
5i+1/2(ﬂ> - 1;) (m!(n+1—mn)!
Qit2n )ity 4 (40)
(21420 +2)! (i+n+ 2)! 4(n+1)
and:
1 7
25<n)3 2< 2) _ _(%) n(=1)"(s%)
i+3/ — (M!(n+1—n)!
(41)

><(2i+2n+4)! (i+n+1)! 47
(2i+2n+2)! (i+n+ 2)! 4n+1)

After this substitution, one can factor out the common terms in the
two summations and combine them into a single summation as:

{im+ 1835 (s7) + 11 - costls™s2(s°) )

@ D)"(A)" @i+2n+4) ([i+n+1)
o (Min+1-—m!(2i+2n+2)! (i+n+2)!

4qn
g+ 1) =1 = cos(o]}- (42)
Now, one can write:
(Y >0
_ (M1M2)1/zexp(gz> 3 Z M; M,)'siti
i=0 n=
2i i n
X W[1 —cos(x)] (Mas + Mqt)
@D )™ 4 20420+ 4)
A (M'(n+1—n)! 40+1) (2i 427 + 2)!
(i+n+1)! 3
Tns2) [(n+1—m)+ ncos(x)]. (43)

To extract the summation over s, one first substitutes the bino-
mial expansion:

n P B .
(Mas + M) = >~ (7 )M’zsfmg”*“t("ﬂ), (44)

j=o0

where the (1]) are the binomial coefficients, such that:

STN/2
(E) 73/2Hy5(x)

— (MiMy)'Pexp(=g2) > D (MiMy)'s't

=0n=0

i

2 ( ) | i) p(n-i
x— [1 — cos(x MM =)
(l) Z 2 1

'il 12" a1 (204 2n+ 4)
n+1 —m!4m+1) (2i + 29 + 2)!
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X(i+n+1)!
(i+n+2)

= (M1 My) 1/2exp<—g )i i(i1 — cos(y)]!

[(n+1—mn) 4+ ncos(x)]

y Z( ) MY+ =+ gl

. <§> 1)) 4 (@2it2n+ 4y
o i+ 1—n)! 4(n+1) (21 + 27 + 2)!

(i+n+1)!

Xm [(n+1—m)+ ncos(x)]-

Then, shifting the j index one has that:

ST 5/2
(5T s

— (MiMy)'exp( 5 )Z 2(2— [1 - cos(x)!

X%(

@D 112" 4 (214 20+ 4)!

x ;::O (M + 1 — )l 40+1) (20 + 27 + 2)!

X(i+77+1)!
(i+n+2)!

) M] s’M(" —j+2i) ¢(n—ji+2i)

[(n+1—mn) + ncos(x)]

oo

)Yy Sl

= (MiMy)'%exp(—5
i=0n=0 j

—l)
(n+1) (_1)71(52)(’7”) 41 (2i+2n+4)!

x[1 = cos(x)]' ( i n. )MéMgn‘Hz’)t(”’f*Zi)

= (M +1 -4l (2i 4 2n + 2)!
X% [(n+1—mn)+ncos(x)]-

Now, from Figs. 1 and 2 it can be seen that:

© o (n+i) 3 j ©
)IDIDIED OIS
i=0n=0 j=i j=01i=0 n=(-i)
Thus

STV

(E) 7 32Hy5(x)

_1)

x[1 — cos(x)}i((i n. >M’ M%ﬂ —J+20) p(n—j+2i)

L 1) 4 204204 4)

=0

(l+n+ )!

[(n+1

UZ M+ 1 —n)! 40+ (20 + 27 + 2)!

(45)

and one need only let j — p to obtain the coefficient of sP, i.e.:

A

Fig. 1. The geometry of the summational transformation: 3", Z;Zi’i

STV/?
E) 73/2H15(x)

(

©

OM“

= (MiMy)'Pexp(~5%) 3 &
p=0 =
n

x% 1 cos(y)]' ( oo )Mgzwg” i

@D 112" 4 (2i+2n+4)

7]:
i |
X(z+n+1),

[(n+1

min+1—n)! 40+1) (2i 4+ 2n + 2)!
0

Y i)

Z n p+2i)

(49)

A 4

Fig. 2. The geometry of the summational transformation: 3" Zf;

= Zjoio Z]i:o~
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Next, to extract the summation over t, one shifts the n index such that:

ST\/2
(E) 7 3/2Hy5(x)

(p+n+1-2i)

<D

n=0

1)) "
Mip+n+1-2i—n)!

2p+n+2-i)
@it 2m+2)!

41
><4(p+n+1 —2i)

(i+n+1)!
(p+n+2-1i)

[(p+n+1-2i—n)+ncos(x)]. (50)

Here, from Fig. 3, one has that:

(51)

% min[p,n]

= (Mle)l/zexp(—f) is" Sty

p=0 n=0 i=0

(p+n—2i) Py
[1—cos(x)]( (p—i) )MM
( 1)77( )17+1

= Mp+n+1-2i—n)!
Q2p+n+2-0) (i+n+1)!

2i+2n+2)!  (p+n+2-i)!

4n
gt |

0y
(p+n+1-2i)
X

p+n+1-—2i—n)+ncos(x)], (52)

and one need only let n — g to obtain the coefficient of t7, i.e.:

5

73/2Hy5(x)
i i: MPH/2 (172 EXp(fgz>

minp,q]

x 3 (1 cos(x)]
i=0

(p+q+1-2i)
X

i 2'(p+q - 2i)!
O p —1)(g —1)!

( 1)17( )7]+1
MPp+qg+1-2i-n)!

n=0
Pp+g+2-i)!
iI+n+1)
41
><4(p+q+172i)

(i+n+1)!
(p+q+2-1)

(p+q+1-2i—n)+ncos(x)].  (53)
To extract the cos(y) summation, one must first factor out
powers of the cos(x) from the last term as a summation over Kro-

necker deltas [21] in the following manner:

A

=p

I

"
~
]
Fig. 3. The geometry of the summational transformation: Y0 ) Y27 ; = Y77 o Sominlpn],
STV _
(E) m :/ZHOZZ(X)
_ Z Z [Sptq]M(P+1/2)M(Q+1/2)exp( 2)
P mitipa
min[p,q o 9y
x [1- cos(x)]’M
2 0p—iia— !
+i
X(P+Q+1 2i) (71)71(52) n ‘
= Mp+q+1-2i—n)
X(2(p+q+2—z)) (i+n+1)! 4"
1(2(1 +n+ 1)) (p+q+2—i) 4p+a+1-2)
%Y cod () [(p+q+1—2i—n)djo+nd1|. (54)
j=0
Substitution of the binomial expansion:
i
i U\ 4 \k~nck
1= cosol' = - () (- 1)¥eost 0 (55)

k=0
then yields:

ST\3/2 o
(§> . 3/2H12(X):ZZ SPEMP M Dexp (2

p=0gq
mm[p i

Zicos“”‘) ()( 1k

i=0 k=

2/(p+q—2i)!
(1)'( —il(g—1)!
02\ ()
S G VA
(Mp+q+1-2i-n)!
(i+n+1)! 4
(p+q+2—1i)! 4p+g+1-2i)
x [(p+q+1-2i—1)0;0+10;1],

(p+q-+1-2i)

n=0

(2(p+q-+2-)!
2(3i+n+1))!

(56)
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which, following a shift of the j index, becomes:

ST\*/? e +1/2) 3 4(q+1/2)
(E) 7 32Hy5 (%) Z [sPtIM (P M exp(—4?)
p=0g=0

minp,q] i (k+1)

X >3 cod(x)

i=0 k=0 j=k
ki ~y (pHg+1-20)

y (—})2%p+q—20{

(k) (i—k)!(p—i)l(g—i)!
L)
Mp+q+1-2i—n)!

(i+n+1)! 4n
(p+q+2—1)! 4p+a+1-2i)

X[@+Q+1—ﬂ—ﬂWu+ﬂ%ﬂqﬂ-

n=0

2(p+g+2-0)!
2(i+n+1))!

(37)
Now, from Figs. 4 and 5, one has that:

minp,q] i (k+1) (min[p,q]+1) min[p,q] minlj,i]
> = 2 > > . (58

i=0 k=0 j=k j=0 i=max[0,(j—1)] k=max[0,(j—1)]
such that:

STV/?2
(3) 732Hp5(x)

o0

=2

p=0gq

sPt9M P+1/2)M§¢H1/2)exp (_gZ)

min minp,q] min(j,i]

ME gL

cos’( )
i=max[0,(j—1)] k=max[0,(j—1)]
( 1)]{21(p + q 21) (p+q+1—2i)
* W —Rl(p — )1(q — D!
1"
M'Pp+q+1-2i-n)!
(i+n+1)! 4N
Xm+q+2—m4mwkm
X [(p+q+1=2i = My + M) (59)
and one need only let j — ¢ to obtain the coefficient of cos‘(x), i.e.:

X

-.
I
(=]

n=0

2p+q+2-i)!
Qi+n+ 1)

min[p,q| min/,i]

i=max[0,(¢—

(- 1)k2'(p+q 2i)!
Wi —k)!(p —1i)!(q—i)!
(n+i)
)™
M'p+q+1-2i—n)
(i+n+1) 4n
(p +q+ 2 —i)! 4p+a+1-2i)

XRP+Q+1*m*ﬂWu+n%u4J

1)] k=max[0,(¢—1)]
(p+q+1-2i)

“® 2

2p+q+2-i)!
Qi+n+ 1)

(60)

Here, note that the full integration involves the difference
[H12(0) — Hy2(x)] which yields terms containing [1 — cos‘(x)]. When
¢ =0, this quantity is identically zero and, hence, without loss of
generality, one may neglect the lowest term of the summation over

A

J j:f+l

Fig. 4. The geometry of the summational transformation: Ek OZ}T
minj.i] B
Zk max[0,(j—1)]"

ZH»]

¢ and express the limits of the ¢ summation accordingly as has been
done in what follows.

Lastly, one needs to extract the (42) summation. Shifting the 7
index yields:

5/2
(g) 73/2[Hy(0) — Hya(X)]

_ Z Z Sptq p+1/2 M(q+1/2 exp(—gz)
p=0qg=0

A

J=min[p.g]+1

=y

=0

min[p.q]

1

A 4

J=0 i

Flg 5. The geometry of the summational transformation: Zm‘“[p” Z )
3¢ (min[p.g]+1) Zmlnmq
/j=0 i=max|0,(j-1)]"
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(min[p,q]+1)

<

(=1

min[p,q] (p+q+1-i)
[1 - cos(x)]

i=max[0,(¢(—1)] n=i

o (2)"EP + g - 20! (=)
p-D@-) (m—Dp+q+1—i-n)!
Rp+qg+2-0) @+ 4()

@+ (p+q+2—0aprarD

min[¢,i]

(—1)*

k)1 — k!

X
k=max[0,(¢-1)] (k)!

x[(p+q+1 =i =M+ =), (61)

where it can be seen from Fig. 6 that:

min[p,q]  (p+q+1-i)  (p+q+1-max[0,(¢—1))) min[p,q,n,(p+q+1-n)]

S ST e

i=max[0,(¢(—1)]  n=i n=max|0,(¢—1)] i=max[0,(¢—1)]
Thus:

T™S/2
(5) = iHha(0) - Hiato)

©

= > > [sPemy (p+1/2) ng“/z)exp(—gz)

p=0qg=0
(min[p,q]+1) (p+q+1-max[0,(¢—1)])
X [1 - cos’(x)]
=1 7 =max|0,(¢—1)]
Ly R s g 2t 4
i—maxoe_n (P DHG = i)l 4prarh)
y (G 2(p+q+2 1)
Mm=Dp+g+1-i-n!  2Hn+1))!
(77 n 1)! min[¢,i] (71)k
Xi. I N1/ Ty
P+qg+2-i) k= manBL (1)) (J)!(i — k!

x[(p+a+1—i=mde,+ (= Do), (63)

and one need only let n — r to obtain the coefficient of (42), i.e.:

ST\/2
(st) 73/2[Hy5(0)

=3 S PEMP TN D exp(— )

— Hiz(x)]

p=04g=0
in[p,ql-+1 ~_ (prg+1-max(0,(-1)]) o\ T
x [1 — cos‘(x)] > (%)
(=1 r=max[0,(¢(—1)]

min[p,q,r,(p+q+1-7)] 8i(p+q—2i) 4

) (- (g — D)l 4P+a+D)

i=max[0,(¢—1)]

(1) (r+1)
r—Dlprq+r1—r—il2r+2)
L2ergr2-pr W (1

p+qg+2-i) k= a0 (¢ (k)'(zf k)!

[P+a+1=1=)d,+(r- i)ék((;fl)]. (64)

A

r=p+g+1-max[0,(&-1)]

max[0,(6-1)]

I

i=min[p.g]

r=max[0,(6-1)]

Fig. 6. The geometry of the summational transformation: me[pq )] (pratt- ) _

i=max|0. n=i
Z(wqﬂ max|0,(¢~1)]) melpqn(wqﬂ Ml
n=max|[0,({—1)] i=max|0,(¢-1)]

From this, after integration of the coefficient of [sPt7] over ¢ and the
directions of 4, one has that:

2) 1/2
[SPh @615, (3%, |~ smMPTAMED

(min[p,g]+1) (p+q+1-max|0,(£-1)])

x> > Apare25(1), (65)
(=1 r=max|0,(¢—1)]
where:
r) // T/ 2exp(—42)g? 2 [1 - cos’(x))gb db dy, (66)
are the omega integrals, and:
4 min[p,q,r,(p+q+1-r)] 8i(p +q-2i) 4
pare = : :
i=max[0,(¢~1)] (p—DHg — Dt 4lp+a+D
y (=)D (r+1)!
r—dp+q+1—-r—il2r+2)
L2p+gr2-ip W (-1
(p+qg+2—1)! k= max0 (1)) ()i — k)!
x [(p+q+1 =1 =)+ (= Do) (67)

Now, note that some simplification may be achieved in the
above expressions by taking advantage of the fact that, since ¢ > 1,
one always has max[0, (¢ —1)]=(¢—1). Thus, it is equivalent to
write:

RGN

(min[p,g]+1) (p+q+2-0)
1/2 1/2 l
o 1 A O30

=1 r=(—1)

(68)
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with:
o min[p,q,r,(p+q-+1-7)] 8i(p+q—2i) 4"
part i= (1) (p—1D)(q — i)t 4P+atD)
(—=1)r=D (r+1)!

X(r—i)!(p+q+1—r—i) 1 (2r+2)]

_ inf¢,i) ke
X(2(p+q+2 i) Z (-1)
(p+q+2—l)' el k)'l*

— )0k 0-1 |- (69)

X [(p+q+l—r—1)6k7k+(r

Further, when r=(¢— 1) it follows that i =k=r and one has that
{(p+q+1—i—1)k ¢+ (r— 1)k, (~-1)} =0 such that the lowest term
of the r summation may be neglected, i.e.:

(p q) (2
RAGER AN
_ 8M2p+1/2>M§CI+1/2)

(min[p,q]+1) (p+q+2—¢)

x ST A1),
=1 r=/¢

(70)

5. Derivation of a summational representation for the H;
bracket integral

Next, consider the bracket integral type:

RGN

which we refer to here as the H; bracket integral. Following Eq. (31),
one has that this bracket integral may be determined by specifying
the coefficient of [sPt?] in the expansion of Eq. (33). Expressing Eq.
(33) more conveniently, one may write:

5/2 ® ©
() ™o = ew(-5 DIPILY
X{M% + M2+ 2M1M2cos(x)}i
% (5) 1) {Ma(s + £) -

<{My(n+ 1)) (52)

(71)

(My — My)st}"

+My + Mycos(0lgS)s 5 (%)} (72)

Again, the Sonine polynomials are consolidated using the definition
of Eq. (18) such that:

{M1(n + 1)5,1;’/]2( 2) + [My +M2605(X)]£2512)3/2( 2)}
D C)(A)" @i+2n+4) ([i+n+1)!

5 (’7)'("+ T-mi@i+2n+2) (i+n+2)

{M1 (n+1) —n[My + Mycos(x)] }

4(n+1)
J"*” ~1"(¢»)" Qi+2n+4)! ([i+1+1)
- o M+ T—m!Q2i+2+2)!(+n+2)!

4(n+1 [Ml (n +1- ) M27IC05(X)]7
so that one has:

ST 5/2
(—) 73/2H; (x)

st

= exp(—4?) > > sit2'MiMy[F + cos(x)]'[()1] !
i=0n=0

(n+1) -1)1](52)(7'l+1)

x MB{[1+ Gt]s + t}" Zi(n)'(nﬂ—n)'
Qi+2n+d i+n+ 1)
X(21’+2n+2)v (i+n+2)

,,+1 2o Mi(n+ 1 —n) — Mancos(y)], (74)

where F= (M] + Mz)/ZMle and G= (M] — Mz)/Mz.
To extract the summation over s, one first substitutes the bino-
mial expansion:

n

{1+Gts+t}"= > (7) 1+ Gt

j=0

(75)

such that:

n

s ¢l+n=0) i Mo ME
(n+1)

1+ Gty Z

§ 1)) ™ Qi 2n+4) G+ + 1)
o )'(n+l—n) Qi+ 2n+2)l(+n+2)

amnMi(n+1-mn) -

<[P+ cosgr 7 ()

X YICESY) Myncos(x)]- (76)

Then, shifting the j index one has that:

ST\/?
(5T 5o

st

o © +
— exp —ﬂ Z Z Z 2H—n—1)2 Ml IVI’ Mz
(n+1)

x [F + cos(x)]'[()!] ! (0 ))[1+Gt 1>Z

DA™ @i+ 20+ 4 40+ 1)
i1 - it 2+ 2) i+ n+2)

Mi(n+1—n)—

x e Myn cos(x)]. (77)

As before, from Figs. 1 and 2, one can apply the expression from Eq.
(47) such that:

ST 5/2
(—) w32H, (x)

st

d J d S
— exp(—2) S 9 S Z 2= 21 MM
j=0 i=0n=(j—i)
n+1

x [F + cos(x)][(i)!] ! ((1 ))[1 +Gt]Y Z

(1)) ™ Qi 2n+ 4 G40+ 1)
i 1) @it 2n+2) (+n+2)!

41
M1 =) =

M;n cos(x)], (78)
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and one need only let j — p to obtain the coefficient of s?, i.e.:

STV/?
(1) w10

i p ki . S
—exp(—A) DY D0 M MMy

ignp-1( ™ (p-i) KSRy

x [F + cos(x)]'[(i)1] ((p_i))[1+6t} nz::o
(1)) @i+ 2n+4) (494 1)!
i+ 1—m it 2n+2) (+n+2)

gy My (141 =) — My cos()]. (79)

Now, to extract the summation over t, one substitutes the
binomial expansion:

4GP — Z((P )thw7

such that: w=0

STY/?
(3) =20

st
© b (P
= exp(—5" Z ZZ

x Mi MyMB[F + cos(x)]' o (

(80)

21+n7p+w) 21‘

)

<’§) (1)) ™ Qi 2n+4) G40+ 1)
(17)' m+1-m! Ri+2n+2)! (i+n+2)!

HMS

X ——[Mj(n+1—-17)—

n+1

M;1 cos(x)]- (81)

Then, after shifting the n index, one has:

(5) =
o p_ (p— o
Z Z Z Z t"2iM M}
= i=0w=0n= W+1
XM(2p+n—21 —w) IF + cos(y)] ((p+n 2i - ))

w (P+n+1-2i—w)
(%" )6 "
n=0
(=" (i+n+1)!
Mp+n+1-2i—n—w)!(2i+2n+2)!
2p+n+2—-1i)—2w)! 4"
p+n+2—-i—w)! 4(p+n+1-2i-w)

xMip+n+1-2i—n—w)

From Figs. 3 and 7 one has that:

p_(p-) w  minp, i),(n—i
> 2 Z =Z :
i=0w=0n

= n=0 i=0 w=0

©

= exp(—

— My7 cos(y))- (82)

(83)

such that:

ST 5/2
(1) 300

< MEMP2W)E 4 cos(y)] ( (p+n=—2i-w) )

(p—1)
((P _ i) )G_W(p+n+12iw) (52)(’)”)
w (i)! =
o (=17 (i+n+1)!
Mp+n+1-=2i—n—w)! (2i+2n+2)!
p+n+2—1i)—2w)! 4
* P+n+2—-i—w) 4@+n+1-2i-w)
x[My (p+n+ 1= 2i =1 —w) — My cos(x)], (84)
and one need only let n — g to obtain the coefficient of t4, i.e.:
ST\5/2
(5) =
) ) ,q] min[(p—i),(q—i)]
= Z Z [sPt9) exp(—g ) Z Z 2iMi
p=0gq= i=0 w=
«MLMPHI2W E 4 cos(y)] ( P+ 1 2) W))
—1
5 (p ) Gw (p+q+1-2i— W>(ﬂZ)(’7+i)
w3
" (1" (i+n+1)!
Mp+qg+1-2i—n—w)! 2i+2n+2)!
(2(p+q+2—1)—2w)' 4
P+q+2—i—w)! 4p+a+1-2i-w)
xMi(p+q+1—2i—n—w)— My cos(x)]. (85)

To extract the cos(y) summation, one must first factor out
powers of the cos(x) from the last term as a summation over Kro-
necker deltas in the same manner as was done previously, i.e.:

A
n
. Y
T /\s"\ L
= & =
n=i
>
~
w
Fig. 7. The geometry of the summational transformation: Zf},’;g Yowsi = Somei

min[(p—i),(n—i)]
wao N
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—3/2H1
min(p,q] min{(p—i),(q—i)]

Z i [sptq lexp(—4%) > Z 2IM;

STy
st )
i=0 w=0

><M’ M(IH—q —2i-w) IF + cos()] <(p + ((]pfizii)f W))

y < (p—i) )Gw(P+q+1 —2i-w) (52)(’7”)
wo )i &

" (=17 (i+n+1)

MpP+q+1-2i—n—w)! (2i+ 27+ 2)!

2 +q+2—1) —2w)! 4n LI

Thrqtr2—i-w) 4breri-2iw) ];) cos (x)

x[My(p+q+1—2i—n—w)djg—Mndj].

Substitution of the binomial expansion:

[F 4 cos(x)) = Xl: (;;)F“‘k)cosk(xh
k=0

then yields:

ST\
() oo
i

© o min[p,q] 1
=3 S iPtlexp(—4%) Y. Y0 D cosith(y)
p=0g=0 i=0 k=0j=0

min[(p-i)(¢-)] .
x 2IMiMLMP )
0

p+t(1p 2i - W))((pv;i)>

w

/\

w (P+q+1-2i—w)

i G_ 2y (n+i)
“(k) PR
N (=17 (i+n+1)!
MpP+q+1-2i—n—w)! (2i+2n+2)!
X(2(p+q+2—i)—2w)! 4n

P+q+2—i—w) 4brg+1-2i-w)
x[My(p+q+1—2i—n—w)djg— Myndj],

which, following a shift of the j index, becomes:

st
© o inp.g i (k+1) .
Z Z [sPt)exp (— Z Z Z cos’(x)
mm[( 0.(q- .
x 2'Mi MLMP 2 Y)
w=0

ik @+q—20i—w)\ /[ (p—1i
F(PEEET)()

i\ GW (p+q+1-2i-w) i
() "™
y (=17 (i+n+1)!
MPp+q+1-2i—n—w)! 2i+2n+2)!

(2(p+q+271)—2w) 4n
P+q+2—i—w)! 4p+q+1-2i-w)
x[My(p+q+1=2i =~ w)dy; — Mamdyi_1)). (89)

Again using Eq. (58) obtained from Figs. 4 and 5, yields:
ST\3/2 5
= -3/24
( st) m 10
(min[p,q]+1) ) min[p.q]

i i sPtilexp(—4%) Y. cod(x)

p=0qg=0 j=0 i=max[0,(j—1)]
min(j.] min[(p—i),(¢-0)] 9i
x > S 2IMiMEMPTT )
k=max[0,(j—1)] w=0

o Fli—k) ( (p+ ((]p_—zii)_ w) ) < (PV; i) )

i Gw(PH‘!H*ZFW) i
(87) X(]{)@ Z (52)(77 )
n=0
o (=" (i+n+1)!
Mp+q+1-2i—n—w)! 2i+2n+2)!
2p+q+2—i)—-2w)! 4"
* P+q+2—i—w)! 4p+g+1-2i-w)

x[Mi(p+q+1 =20~ - w)dy; — Mandy 1)), (90)

and one need only let j — ¢ to obtain the coefficient of cos‘(x), i.e.:
ST\ 5/2 s
— -3/2H
( st) ™ 1(0)
(min[p,g]+1) min[p.q]

- i i [sptq} exp(—g%) >, cos'(x) >

p=0q=0 =0 i=max[0,(¢—1)]

min(,i] min[(p—i),(q—i)] ( 20 w)
x oy S MMM
k=max[0,(¢—1)] w=0

JFik ((P+a=2i—w)\((p—1)
f ( (p—1) ) < w )
i Gw (P+a+1-2i-w) (4
(<>W ()
(=1)" (i+n+1)
M+ q+1—2i—n—w)l 2+ 27+ 2)
LRp+g+2-i) - 2w). 4n
P+q+2—i—w) 4prgr1-2i-w)

X [My(p+q+1=2i— - W)y, — Mandy 1) (o1)

(88)

As before, note that the full integration involves the difference
[H1(0) — Hi(x)] which yields terms containing [1 — cos‘(x)]. When
¢ =0, this quantity is identically zero and, hence, without loss of
generality, one may again neglect the lowest term of the summation
over ¢ and express the limits of the £ summation accordingly. Also as
before, since ¢ > 1, one has that max|[0, (¢ — 1)] = (¢ — 1). Thus:

5/2
(g) 732 [H, (0) — Hy (x)]

st
o © (min[p,q]+1)
=3 Y [sPthexp(—g%) > [1-cos‘(x)]
p=0q=0 =1
y min(p.q] min[(p—i),(q—i)] (p+q+1-2i W)(gz)mm
i=(-1) w=0 n=0
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min(4,i] 20 w)
< > 21\/1’1\/1’1\/1‘”‘1 1=W) p(i-k)
k=(¢-1)

(p+q—2i—w) (p —1) i\GY
X( (1) )( w )(k)(i)!
y (=17 (i+n+1)
mMp+q+1-2i— w)! (2i + 21+ 2)!
(2(p+q+2—1)—2w) 4n

P+q+2—i—w)! 4p+q+1-2i-w)

X [M] P+q+1—=2i—n—w)d, — Mmdy ,_1)|-

Lastly, one needs to extract the (4%) summation. Shifting the n index

yields:
ST\3/2
(5) ™o - )
® ® (min[p,q]+1)
=33 [sptq]exp -7 Y. [1-cos'(y)]
p=0q=0 =1
.q) min[(p—i),(q—i)] (p+q+1-i—w) .
Z Z > @)
= (-1 w= n=i
min(¢,i] .
Z 2!1\/111 MéMngrQ*Zl*W)F(ifk)
k=(-1)
o(Pra=2i—w)\((p-i)) i\C"
(p—1) w k ) (i)
(- (n+1)!

MDprqrl—i-n—w)l(2nt2)

Q2P+q+2—i)—2w) 40+)
P+q+2—i—w)! 4P+a+l-w)

x[Mi(p+q+1—i=n— W, — Ma(n— )b

From Figs. 6 and 8, one has that:

min[p.q] min[(p—i),(q—i)] (p+q+1-i-w) (p+q+2-0)

i=(-1) w=0 n=i n=((-1)
min[p,q.n,(p+q-+1-n)] min[(p—i),(q—i),(p+q+1-i-n)]
x 3 Z 7

i=(—1)

such that:

5,2
(5) w2 - o)

© © (min[p,q]+1)
= > > Ptlexp(—g2) > [1-cos‘(x)]
p=04g=0 =1
(p+q+2-0) 5 nmm[pqn (p+q+1-m)] min[e,i]
x> ()
n=(l-1) i=(—1) k=(t-1)
min[(p—i),(q—i),(p+q+1-i-m)] 2
x 3 2IM MM a2
w=0
WFik((P+q—=2i-w)\((p-i)) i Gv
(p—1) w k j (i)
(=1 (n+1)!

=D rqr1—i—n—w)l(2n+2)

707

7 N _
Eptgtl-i
2 =
.oxg T
% =
/\,. =
Y, é
g
(92) s i
=i
"
~
w
. . PR min[(p—i),(q—i
Fig. 8. The geometry of the summational transformation: ZW':é(p ):(a-1)]

(PHq+1-i-w) _ ~(p+q+1-i) s~min[(p—i).(q—i),(p+q+1-i-m)
Zr]:i - En:i ZW:O .

LRP+q+2- i) —2w)! 40D
p+q+2—i—w)! 4p+grl-w)
x [M1 P+q+1—i-n—-w)d, —M(n— i)5k,(z—1>]7 (95)

and one need only let  — r to obtain the coefficient of (%), i.e

5/2
(5) T3/2[H, (0) — Hi ()]

st
© o (min[p,q]+1)
(93) = > Y tlexp(—4%) > [1-cos'()]
p=0qg=0 (=1
p+q+2 —0) minm,q,r,(p+q+1—r)] min[¢,i]
()
=t i= (1) k=((—1)
min[(p—i),(q—i),(p+q+1-i-1)]
x 21Ml MlMp+q 2i-w)
w=0
(94) R ((pra-2i-w)\ (b)) (i\G"
(p—1) w k ) (i)
(-1 (r+1)

Toprgrl—i-r—w)(2r+2)
QRP+q+2—i)—2w) 40+
TP rqr2—i-w)l 4brari-w)

x{M1(p+q+1 — =1 —wW)dy,
~Ma(r = D) -1 (96)

where, as before, r=(¢—1) implies that i=k=r such that the
coefficient is identically zero allowing the lowest term of the r

summation to be omitted.
Now, after integration of the coefficient of [sPt] over ¢ and the

directions of g, one has: .
®) 3 @ ) (min[p,q]+1) (p+q+2—¢) , g)
[53/2((6 )(61:53/2((6 )(6]] =8 Z Z qur// ]2(r)7
(=1
(97)
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where:

min[p,q,r,(p+q+1-r)] min[¢,i]

/ _
qurl -

i=(—1) k=(—1)

(min[p.q,(p+q+1-1)]-i)

y 8i(p+q—2i—w)!

w=0 p—-i—-wl(q—i-w)
y (_1)(r+i) (r+1)!
r=)lp+q+1—i—r1—-w)!(2r+2)!
(p+q+2—i)—2w)! 27 Fli-k)
) P+q+2—i—w) 4p+a+D) (k)!(i — k)!
¥ 2@w-1)pfi ppi pPHa-2i-w)
<2Mi(p+q+1—i—1—w),

—My(r — i)0k (o—1)] -

(98)

Now, one may introduce Pochhammer’s notation [22,23] which is
defined as:

_I'z+n) (z+n-1)
(Z)n— F(Z) - (Z* l)' ) (99)
such that:
(z+n)!
| =
(2)! Z+1), (100)
Using this notation, one may write:
(2)!
_ | —  \")
and:
(22)!
2z - 2w)! = 102
@2-2W)! = T ),z —wr )y (102)
such that:
min[p,q,r,(p+q+1-r)] min[¢,i]
A =
pqrt
i=(—1) k=(t-1)
8P +q—20) (=)
p-D@—-i)(Tr-D(p+q+1—i-r)!
LD Qg +2-D) 2%
2r+2)! (p+q+2-i)! 4+l
(minp.q.(p+q+1-n-)  pi-ky  cw
X [ ——
= i — k)t (w)!
p+q+2—-i—-r—w), . .
“Borgrz_n-awr P T ITI T
P+q+3-i-w),, .
X(2(p+q+2—i)—w+1)w‘q+1 —i= W
o ai_
-1 MMM
pP+q+1-2i—w),
><[2M1(p+q+1 i —W)dy,
~2My(r = D) | (103)

Here, except for a factor of (—1)¥ and the mass- and w- dependencies
in the last term, the terms preceding the summation over w are the
same as those obtained for Apgy in Eq. (69) and the entire mass
dependence of Apqr has been collected inside the summation over w.

Now one may consider some additional simplification of Apg¢
and Apgr.. In both cases the summations over k contain, at most, two
terms corresponding to k=¢—1 and k=¢. In Eq. (69), upon
expanding the k summation, one has that:

min[/,i] (71)k
o e PG+ 1= 1= 1)+ (1= 1) o)
k:(zfu(k)!(l*k)!{ }
()Y
T =Dli-(-1)
x {(P +q+1—i=1)0_1)0+ (- i)5<z71>,(z71)}

—1)¢
W—)l)!(l = 0i(¢-1))

+

<{p+a+1-i=d+ (r=Dd )}
(-1

O i+1-20)

x{i+1-0(p+q+1—i—1)—Lr—1i)},

(104)
such that:

min[p.q.r,(p+q+1-1)] 8i(p+q—2i)!

(-1 (-
O 1= r—Di(prq+1—i—1)
(r+1)! 2(p+q+2—i)! 2%
“@2r+2)] (prqi2—i) 4brarD

x(p+q+1—i—r)—L0(r—i)}.

Apgre =

{(i+1-0)

(105)

Here, as an aside, note that the mass dependencies of the Hy, bracket
integrals may be incorporated into the associated Apq, coefficient
such that the Hy, bracket integrals may be expressed in a form
consistent with that used for the H; bracket integrals. Historically, in
Chapman and Cowling, these dependencies were removed so that an
emphasis could be placed on the fact that Apqy is a pure number
devoid of mass dependencies. Since this apparently cannot similarly
be done for the Apq¢ coefficients, there seems little point in persisting
with the original formulation of A,q. Thus, one may write:

(min[p,q]+1) (p+q+2-¢)

5 N 1A
[SPh @61 80 (43)%6,] ~8 Zl 2; pare @ (1),
(= r=
(106)
in which one now has that:
1/2 1/2
gqr( _ Mé’” / )M§q+ /2)
y min[p.q.r,(p+q+1-1)] 8i(p +q — 2i)!
i=((-1) (pil)'(qil)'
(71)i (71)(T+1‘)
X : i ;
ONE+1-0r-dlp+q+1—i—r)!
o r+1)! Qp+q+2-i) 2%
2r+2) (p+q+2-i) 4b+q+1)
<{{+1-0p+q+1—i—r1)—er—i}. (107)

In Eq. (103), upon expanding the k summation, one has that:

min|¢,i]

F(i—k)
kT (i — k)!

x2 [M1 P+q+1—i—1—-w)o,—My(r— i)ak,(/,—l)}
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Fli-(-1)
TU—Di— (-1

><[2M](p+q+1—i—r— )6(( 1/—2M2(r—l)6( 1),(— ])]
Fli-0)

MO

x [2M1 P+q+1—i—r1—w)d, —2My(r — i)aw,l)]
Fli+1-0)

T O+ 1-0)

—2Myl(r — i)] ,

—0i-1))

[2M1F_1(i+1 —0OpP+q+1—i-r—w)
(108)

such that:

in[p,q.r, 1- i i
g MPERETIgip 4 g - 2i)!

T a2 (p-Dlg i)
1 (7-1)(l’+1')
OFT =0 r—D)i(p+q+1—i—1)

X(r+1)! Rp+q+2-i) 22
2r+2)! (p+q+2-i0) 4bP+a+])

(min[p,q,(p+q+1-1)]-i) Gw
% Fli+1-0)

w=0 (w)!

p+q+2—i—-1r—
2p+q+2-1)

W)w
—2w+1),

p+1—-i-w),

Pp+q+3-i—-w),
2p+q+2-i)—w+1),

(q+1_i_w)w

Ml Ml M(P“J 2i-w)

2(2w-1) i
* (p+q+1—217w)w

x2MiF Y (i+1-0)(p+q+1—i-1—-w)

—2Mye(r —i)]. (109)
In this expression, the portion of Apg, that precedes the w
summation is mostly identical to the expression forqur/ in Eq. (105)
except for an absent factor of (—1)" which is present in Apgre due to
the additional factor of (—1)¥ noted previously (and the mass- and
w-dependent last term of the summation over w). Here, one can see
that the total power of M contained in the combined i and w
summations (or total power of 1/2 in the limit when
M; = My = (1/2) where w = 0) is simply p + q + 1. The quantities F
and G make no net contribution to this total power of M although
they do adjust the specific powers of M and M that contribute to it
such that the mass dependence of each term ends up being a poly-
nomial in various products of MiM8 where a + b =p + q + 1. This is
the total power of M that one expects to see out of this derivation
and is the same as the total power of M seen in the previous deri-
vation of the Hjp, bracket integrals. Thus, both derivations are
consistent with the combinatorial rule for generation of the simple
gas bracket integral as described in Chapman and Cowling [1]and in
our previous work [19,20]. The extra factor of (—1)" that was
generated in Apqr, during the process of expanding and consoli-
dating the k summation and which is not present in the expression
for Apqre is, again, expected in light of the combinatorial rule for the
simple gas bracket integral which is discussed next.

6. Derivation of a summational representation for the simple
gas bracket integral

Lastly, the simple gas bracket integral is considered. Here,
a combinatorial rule is used to generate an appropriate expression
for the bracket integral from the Hi; and H; bracket integrals
derived above. The appropriate combinatorial rule from Chapman
and Cowling is:

EAGERAGIAE
(P) (cp2 S (2
— {[s¥her61, 85563, ]

+[Sgl;)2(¢2)%l’sg/)2((f2) }12}"‘/’1 M, =1/2

01 =02

(110)

From this, it is apparent that the use of Egs. (97) and (106) yields:

® @ (minfp.q]+1) (p+q+2—¢) o
[Sth@hesihehe] =8 > > 0w

(=1 r=¢
< {Aqrs+Angre | . (1)
M;=M,=1/2

where Q{(r) are the simple gas omega integrals which can be
obtained directly from the definition of the omega integrals given in
Eq. (66). Since w=0 in the limit of M;=M;=1/2, since
(M7 — M3)° — 1, and since (z)o=(z— 1)!/(z— 1)! =1, one has from
Egs. (107) and (109) that:

{quré + Aéqrf} My=My—1/2
_ (1) (p+q+1) min[p,q,r,(p+q+1-7)] 8i(p+q — 2i)!
2 i (p—1)lg—1)!
[1+ 1] (1)

O+ T=0 r—D)(p+q+T1—i—n)
r+1D! Qp+q+2—i) 2%
“2re2) (prqr2—il 4brarD
x{(i+1-0)(p+q+1—i—1r)—L(r—10)}.

(112)

Thus, for the simple gas bracket integrals overall, one may write:

(minfp.g+1) (p+q+20)

[sth@esthehe] =8 Y. Y A0,
(=2 r=/¢

(113)

where:

g:ﬂﬂ = {A//qu +quré}
NOM PR (p+ g 20
(p—i)i(g—i)!

2
[1+(-1)] (1)

X < i n
ONi+1-0)! (r—)(p+q+1—i—1)!
(r+1)! 2(p+q+2-1))! 2%
(2r+2)! (p+q+2—-i)! 4@P+a+)

x{({i+1-0)(p+q+1—i-1)—(r—i)}.

My =M,=1/2

i=(—1)

(114)

Here, as expected, a factor of [1+ (—1)] occurs which results in
the elimination of all of the terms associated with odd values of
¢ and generates an additional factor of 2 in all of the terms
associated with even values of ¢. Thus, technically, for the simple
gas bracket integrals only, one may also adjust the lower limit of
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the ¢ summation from ¢=1 to ¢=2 as we have done above in
Eq. (113).

7. Summary of the general bracket integral expressions

Summarizing the results of the above derivations for the
convenience of the reader, one has the following general expres-
sions for the diffusion- and thermal conductivity-related bracket
integrals. First, the Hy, bracket integrals are:

(minfp.q]+1) (p+q+2—¢)

5<3p/2(‘€ )61, 3/2((52)(62] 12 =8 Zl Zg ZqMQSZ)(r),
L= r=
(115)
where:

_ \PH+1/2) 5 1(q+1/2)
" M Ml

pqre — V12
min(p,q,r,(p+q+1-1)] i _ 21!
y 8(p+q—201
i (p—1)!(g—i)!
(-1 (=1

OG-0 r—D)prqgr1—i—n)

(1) 2p+q+2-i) 27
2r+2)! (p+q+2-i)! 4lp+q+1)

< {({+1=0)(p+q+1—i—1)—L(r—i)}. (116)

Second, the Hy bracket integrals are:

@) 102 2 2 (min[p,q]+1) (p+q+2-¢) ©
[53/2((6 )(617 3/2((5 )(61] =38 z:] z:é qur/Q ( )
= r=1¢
(117)

where:

min[p.q.r,(p+q+1-1)] 8i(p + q — 2i)!

i=(-1) (pil)'(qil)'

-l (_1)(T+i)
OG-0l r—Diprqr1—i—n)]
X(r+1)! Rp+q+2-i) 2%
(2r+2)! (p+q+2—i) 4b+a+D)
(min[p,q,(p+q+1-1)]-i) Gw
% Fl+1-0 2

w=0 w)!
o Pp+q+2—-i—-r—w),
2p+q+2-i)—-2w+1),
o (p+q+3—.i—w)W
2p+q+2-i)—-w+1),

Ml MIMPHJ 2i-w)

(p+q+1—21 w),

x [2M1F’1(i+1 -

/ —
quré -

Pp+1-i-w),

(q+1_i_w)w

% 2(2w-1)

Hp+q+1—i—r1—w)
“2Myl(r — i)] , (118)

and in which F=(M? + M3)[2M;M> and G=(M
the simple gas bracket integrals are:

— M2)/M2. Third,

(min[p.gl+1) (p+q+2-0) ,
Shiehenshiehel =8 3 5 e,
(=2 r=2¢
where: (119)
" - (1) (p+q+1)min[Paq,f,(P+q+l—r)]w
T ! :
" 2 i=(-1) (p -1k qg—1)!
[1 + (—1)5] (1))
OGFT -0l r—Dprqrl—i—r)
LD 2P+ g+2-10)! 22r
2r+2)! p+q+2—1)! 4b+a+D
x{i+1-0p+q+1—i—1r)—0r—1i)}. (120)
In these results, the omega integrals are defined as:
1/2
Oy = L g2 (_2nkT 0)
where:
Wi (r) = 2/ exp(—g2)g2
0o
x [ [1—cos'(x)](b/a12)d(b/a12)dg, (122)

0

with g = %(01 +03) and mg=mj+ my, for collisions between
unlike molecules, and as:

) (wkT)l/z
01\
mq

for collisions between like molecules where:

W) =2 [ exp(-52)s
0

x / [1— cos’(x)] (b/a1)d(b/a1)dg,
0

oY) = w(r), (123)

2r+3)

(124)

my = my, and 01 = 03 (the simple gas omega integrals).

8. Explicit expressions for the diffusion and thermal
conductivity bracket integrals up to order 5

In most of the computer codes implemented to date that utilize
bracket integrals in their calculations, the emphasis has been on the
use of explicit bracket integral expressions up to orders 1, 2, or at
most, 3. The reason for this is that the complexity of the explicit
expressions has made them difficult to derive reliably by hand. This
complexity increases so rapidly, in fact, that we have found that it is
largely impractical to report explicit bracket integral expressions in
the open literature beyond the lowest orders even when they are
organized into compact form as we have done in what follows.
However, insofar as such explicit expressions can be reasonably
reported in the literature, they are valuable from the point of view of
having them available for general use in the existing computer
codes. Further, having such explicit expressions reported in the
literature, even to limited order, has a certain archival value in the
field where work continues with a variety of different intermolec-
ular potentials. Thus, in this section, we report a set of completely
general and explicit expressions for the bracket integrals necessary
to complete the Chapman-Enskog diffusion and thermal
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conductivity solutions up to order 5. Additionally, we note some
basic relationships that occur between the various bracket integrals
that make them more tractable to generate and manipulate in the
context of the Chapman-Enskog solutions.

Of the three needed bracket integrals, the H; bracket integrals of
Eq. (21) have the most complicated dependence upon the molecular
masses of the constituent gases. Thus, while having general
expressions for these bracket integrals would have proven most
useful in terms of deriving general expressions for the remaining
two bracket integrals, we actually began above with the derivation

of the Hyy bracket integrals of Eq. (20) where the mass dependence
is rather simple. Thus, in this section on explicit bracket integral
expressions we follow the pattern established above and report
explicit expressions for the Hi, bracket integrals first. We then
follow these with explicit expressions for the Hy bracket integrals
and the simple gas bracket integrals in that order. Note that the
expressions with either p=0 or q=0 are needed only for
the diffusion problems. For the Hi; bracket integrals up to order 5,
one has:

-1
[SSh 61, ST @3)%62]  (My2My2) = —8oil (1), (125)
-1
[SSheer sih@3)6s]  (MY2M2) = —2000) (1) + 8217 (2). (126)
-1
[SShe6r, ST @3)6s]  (MYPM2) = 3500 (1) + 280} (2) - 401} 3), (127)
0) (2q p 72002\ 105Q<1 ol o3y + 3ol
[S5h @61, STh#3)6,]  (M7PM2) = (1) + 6323 (2) - 1823 (3) + 3215 (4), (128)
-1 1155 231 22 1
[sOy@er s§h@dye]  (MPmy?) = 2% )+ Blal @) - Dol 3) + 2ol @) - 2ays) (129)
, -1 3003 3003 429 143
[sOy@e1 S5hehrea] (M12mL2) = 202000)+ 200 2)- 4201 3) 1 104 - Pahs) 1 ole),  (130)
-1
[SSh @615 3%, (MPM5%) T = ~1100{)(1) + 4003 (2) - 82{)(3) + 1627 (2), (131)
-1 595
[S5h D61, ST @3)6,]  (MYPM2) = 22000 (1) + 189017 (2) - 3801 (3) +42{) (4) + 56017 (2) — 162)(3), (132)
[S(>(¢2)fr SO (@26, (MTAME? 717—24159 5880()(2) - 162010 (3) + 2o 4y — 2000 (5) + 12602 (2
0h @61, 555636, (M{PM?) " = J (1) + 58801} (2) 03+ Sol@) - 20s) + 12603 2)
7729<2 (3) + 8027 (4), (133)
-1 33495 22407 2145 539 49
[S5h@61.55h63)%, ] (MPMY2) = -2l )+ 250 ) - 5200 3)+ 259l ) -2l 5)
1
+3913(6)+23107 (2)- 1980 (3)+ 440 (4) 7§Q12 5), (134)
-1_ 105105, 45045 22737 1859 143
[S55(6%1. 55,636, (MPMY?) = —200(1) + =0 (2) - 501 3) +—501) (4) - =2 (5)
7 3003
+§Q§12>()——912(7) =@ - 429912(3)+143912(4)—?912(5)
2
+3236), (135)
-1 8505
[sgz/g%g)cg],sgz/z((ggygz]12(Mg>/2Mg/2) 22200 1) + 833010 (2) — 24101)(3) + 28021} (4) — 20{) (5) + 3082 (2)
- 1129222 (3) + 1627 (4) — 160 (3), (136)
-1 42735 22071 2001 499
[SCh(@61.5T,63)%, | (M{PM32) " = =520 () + - 2Dlye)+ 2@ -Lowe) 1 2abe)
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-1 705705 234927 104973 8437 623
ST 6D%1. 55 (@36, (MPM3?) = 128 Q) +=557040 (2) -~ 3) + 594 @) -2 (5)
4389 160
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32
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-1 4879875 3516513 919413 118107
[SSaED61 S @36 (MYPMG) = —=5n 20 (1) + = e =0 @) - = 0 3) + 30 (@)
8353 339 81081 34155
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Next, we consider the Hy bracket integrals of Eq. (21). For each (p,
q), these may be used to generate the corresponding H1, expression
in Eqs. (125)-(145) above. In general, the expressions for the H;
bracket integrals consist of a series of terms each of which is asso-
ciated with a specific omega integral. Each of these omega integral
terms also contains a sign, a constant factor, and some function of M
and M,. The conversion process from the H; expressions to the Hy;
expressions is quite straightforward as the magnitude of the
numerical coefficients associated with each omega integral term are
the same from the H; expressions to the Hip expressions. The
differences are in the distributions of the constituent masses and the
signs of the terms. Since the same omega integrals must occur in
both the H; expressions and the Hy, expressions, the total number of
omega integral terms must be the same in each and there is, in effect,
a one-to-one correspondence between terms. The sign difference
between corresponding terms is dependent only upon ¢ and the
appropriate sign transformation is to multiply each term in the Hy
expressions that follow by a factor of (—1)‘. The distribution of
constituent masses is much simpler in the Hy; expressions than in
the Hy expressions. In the Hyy expressions, the distribution of the
constituent masses is exactly the same in every omega integral term
fora given (p, q) and amounts to nothing more than a common factor
of (M371/2ME+1/2) in each expression. Thus, overall, the appropriate
transformation from the H; expressions that follow to the Hp
expressions in Eqs. (125)-(145) above is to first set M; =M, =1 in
each term in the Hy expressions, second to multiply each expression

with the appropriate common factor of (M qH/Z p+l/2) and third to
multiply each term by a factor of (—1)". When the above prescription
is followed, the expressions below yield the corresponding Hi
bracket integrals reported in Eqs. (125)-(145). The explicit expres-
sions for the Hy bracket integrals up to order 5 are:
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Now that the Hy and Hi bracket integrals up to order 5 have
been explicitly expressed, they can be used to generate explicit
expressions for the simple gas bracket integrals up to order 5 via
the rule of Eq. (110) exactly as was done for the general simple
gas bracket integral expression of Eqgs. (113) and (114). Under the
rule of Eq. (110), one has that M; =M, =1/2 and the simple gas
bracket integrals are then mass independent except for the
presence of a single m; in the simple gas omega integrals. Since,
for any given (p, q) all of the terms in the pairs of corresponding
Hi and Hi, bracket integral expressions have the same total

M1$M2+ —==MSM3

215635 2635

MiM )Q G —Z% 37

9620 7293
MEM3 + M{MJ +

MzMg) 28 4)+230789( 840
MZMZ) o (6)+321( MiM] +
o =MIM3 -+

M5

2284/ 90
571

SaMiME )2s)

3

17753 17753

170, 14077 , 793
963

17753

52
4 156
21375
481
6
M3+ 571
208

-3 M

6,143

5 5
315115 315 3 (7MiM

M%MZ)Q@ - 11492(6

208

M3M8)Q<“>(6) oMIME QY (7)+ —M3M§le( )

32

16
M3Q3) (6)+5 MM Q) (7)+ TeMIMSQL5 (6).  (166)

power of the constituent masses, substitution of M;=M;=1/2
simply yields an additional constant factor for the corresponding
pairs of expressions of (1/2)P*9*1. The difference in the signs of
the terms in the corresponding expressions due to the factor of
(—1)" has the effect that all terms involving omega integrals with
odd values of ¢ cancel exactly and all terms involving omega
integrals with even values of ¢ add identically to produce an
additional factor of 2 in each surviving term. Since p,
g=0 = ¢=1, and since all terms with odd values of ¢ cancel, it
follows that:
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[Sgp/z((gz)(gl, 3/2((52)(61] =0, pg=0, (167)
For the rest of the simple gas bracket integrals up to order 5 one then has:
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9. Discussion and conclusions

Our purpose in this series of papers has been to explore the
use of Sonine polynomial expansions to high order results for the
transport coefficients and the related Chapman-Enskog functions
for simple gases and gas mixtures that are free of numerical
error. In the current work we have presented summational
expressions for the bracket integrals needed to compute the
diffusion- and thermal conductivity-related Chapman-Enskog
solutions to any arbitrary order of expansion in terms of Sonine
polynomials. The summational nature of the expressions derived
in this work will yield greatly improved computational efficien-
cies in determinations of the diffusion- and thermal conduc-
tivity-related matrix elements associated with our current
Mathematica®-based programs and will undoubtedly prove
substantially more conducive to use in computations that do not
involve the use of Mathematica® but which, rather, employ the
Fortran, C++, or other programming environments directly. In
addition, the derived expressions which we have reported here
clearly show exactly which omega integrals are needed in each
(p, q) element of the coefficient matrix for a given order of the
Sonine polynomial expansion approximation, m, which improves
ease of understanding and utilization of the solution technique.
The formulation of such summational representations for the
bracket integrals constitutes a significant departure from the
method that was used in our previous work [18-20] which fol-
lowed the recommendation of Chapman and Cowling [1]. We
will provide similarly derived expressions for the viscosity-
related, bracket integrals in the near future.
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